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S1 = zc1 + yc0 + xc0 + wc1 = c0(x + y) + c1(w + z);

S0 = wc0 + zc0 + yc1 + xc1 = c0(w + z) + c1(x + y);

D 1 = zc1 + zc0 + yc1 + xc1 = z + c1(x + y);

D 0 = wc0 + yc0 + xc0 + wc1 = w + c0(x + y):
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S1 = a1b1c1 + a1D 0 + b1D 0 + c1D 0;

S0 = a0b0c0 + a0D 1 + b0D 1 + c0D 1;
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²½¸�ÎÝº$±�ÈUÐ$®{´Ç²Ç¾U¾J®{±�®á®$¸J¾6¸¹ÊJ´Ç´M¶TË%¶
´½¼
Æ
Ó

FHGIF.GIF LNMPODQ;R�S1TDUeF

óAÈJ²½ÆA²ÇÆ>±�ÈJ¼ÅÈJ²Ç¿$ÈJ¼
ÆC±5´Ç¼TÐ$¼
´‘º$Ñ¯­£µV¾É²ÇÆO±�°�²½ÎJÊÉ±•²½ºÀ¸;Ù¹»5ÈJ¼
°O¼Å±•ÈJ¼Å±•°�®$¸JÆO²½±•²½ºÀ¸Žº$Ñ

n
¶)®{ÊJÆ�¼TÆ

±�°•®$¸JÆO²½±�²ÇºÀ¸JÆáº$Ñ8¾J²½ÕÝ¼
°O¼
¸�±/Ð{®$°O²³®$ÎJ´½¼
ÆáÊJ¸J¾É¼
°/¾É²½ÕÝ¼
°�¼T¸�±Ž²Ç¸ÉÌJÊÉ±ÂÌÒ®{±�±�¼
°O¸JÆ
ÙA²½¸ž®sÐ{®$´½²Ç¾
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ea

b

c

d

f

g
f�gih

a1

a0

b
b

c
c

d
d

e
e

f
f

g
g

�DIMS

NAND2

�DIMS

�DIMS

1

0

1

1

1

1

1

0

0

0

0

0

XOR2

OR2

f�jkh

a1

a0

b
b

c
c

d
d

e
e

f
f

g
g

�b_rising

NAND2

�DIMS

�b_falling

1

0

1

1

1

1

1

0

0

0

0

0

XOR2

OR2

fmlnh

×ú²½¿ÀÊJ°O¼

â

Óxõ��Ö­ÝµØ¾J²½ÆO±•°O²ÇÎJÊ`±•²Çº$¸*��ºÀ°O²Ç¿À²½¸Ò®$´BADCR¸J¼T±�´Ç²½ÆO±�Ã�®ÀÄ4Ù��-ø
X*�bÔV²½ÁÂÌÉ´Ç¼
Á¬¼
¸�±•®{±•²½ºÀ¸

Ã�ÎþÄ>®$¸J¾'ø>®{±•¼T¿ÀºÀ°CË?�n²ÇÁ¬ÌJ´Ç¼TÁÂ¼T¸¹±•®{±•²½ºÀ¸^Ã�¶�Ä

¾Ò®�±�®6Ã�¸¹ÊJ´½´ÚÄÏ¶4Ë`¶T´Ç¼{ÓÖÞ!±à²½ÆA²Ç´Ç´½ÊJÆO±�°•®{±�¼
¾ŽÎ�ËU±�ÈJ¼ÅÑ�ºÀ´Ç´½ºý»5²½¸J¿n¾Ò®�±�®ÜÌÒ®{±�È6¼÷ÍÉ®$ÁÂÌÉ´Ç¼
ÆTÓ

A`ÊJÌÉÌÝºÀÆO¼�®'¾Ò®{±•®'ÌÒ®{±�Èû»5²½±�Èû²Ç¸JÌÉÊÉ±ÜÆ�²½¿À¸Ò®$´½Æ�º{Ñ

f a;bg
®$¸J¾FºÀÊÉ±�ÌJÊÉ±ÜÆO²Ç¿À¸J®$´ÇÆSº$Ñ

f c;dg
ÈÒ®$ÆA±�ÈJ¼ÅÑ�ºÀ´Ç´½ºý»5²½¸J¿9Ñ�ÊJ¸É¶T±•²½ºÀ¸JÆ=�

c1 = a1 ^ b1 ; c0 = a0 _ b0;

d1 = a1 _ b1 ; d0 = a0 ^ b0:

Þb¸Ž±•ÈÉ²ÇÆÖ¼4ÍÉ®$Á¬ÌJ´Ç¼{Ù

a
®$¸J¾

b
®$°O¼-ÌÒ®{°O±•²Ç®$´Ç´xËÜ®$¶�·¹¸Jº�»5´½¼
¾J¿À¼T¾�Î¹Ë

f c;dg
²½¸/Î£º$±•È/±�ÈJ¼

Ð{®$´½²Ç¾S¾Ò®{±�®"®$¸J¾n¸¹ÊJ´½´`¶4Ë%¶
´Ç¼{Ó




¸J´xËS­Ýµ‹º{Ñ

a
²ÇÆ�¼4ÍÉ®$Á¬²Ç¸J¼T¾9ÈJ¼T°�¼$ÙÀ»5ÈÉ¼
°�¼
®$Æ<­£µ‹º$Ñ

b
¶
®$¸

Î£¼�ÐÀ¼T°�²½ßJ¼
¾S²Ç¸Z®AÆ�²½ÁÂ²½´³®$°£Á/®{¸J¸J¼
°TÓ¯Þb¸Å±�ÈJ¼<Ð$®{´Ç²Ç¾-¾Ò®{±�®A¶4Ë`¶T´Ç¼{Ù{²x±‘¶)®$¸ZÎ£¼LºÀÎJÆ�¼T°OÐ$¼
¾�±�ÈÒ®{±

8a " = as! cw0 : ((9d " = ds! cw0 : a "! d " ) _ (9c " = cs! cw0 : a "! c " ))
Ùþ®$¸J¾

8a " = as! cw1 : ((9d " = ds! cw1 : a "! d " ) _ (9c " = cs! cw1 : a "! c " ))
ÓAÞb¸

±�ÈJ¼�¸¹ÊJ´½´‘¶TË%¶
´½¼$Ùþ²½±à¶
®$¸•Î£¼SÆ�¼
¼T¸'±•ÈJ®{±

8a #= acw0! s : (9c #= ccw0! s : a #! c #)
Ù

®$¸É¾

a #= acw1! s : (9d #= dcw1! s : a #! d #)
Ó

3Jõ



Þb¸Â±�ÈJ¼5Ð$®{´Ç²Ç¾á¾Ò®�±�®Z¶TË%¶
´½¼$Ù`­Ýµjº$Ñ

a
²½ÆL¾J²ÇÆC±•°�²½ÎJÊÉ±�¼
¾¬ºýÐ$¼
°L±•ÈJ¼àºÀÊÉ±�ÌJÊÉ±�ÆÏ¾J¼TÌÝ¼T¸J¾J²½¸J¿

ºÀ¸2±•ÈJ¼Ž²½¸JÌJÊÉ±9Ð$®{´ÇÊJ¼TÆ
Ó–óAÈJ¼U°O²ÇÆO²Ç¸J¿6±•°•®{¸JÆ�²x±•²Çº$¸«º$Ñ

a
Ñ�°�º$Á

as
±�º

acw0
¶
®$ÊJÆ�¼TÆn±•ÈJ¼

°O²ÇÆ�²½¸J¿Å±•°�®$¸JÆ�²x±•²½ºÀ¸Âº{Ñ

d
Ñ�°�º$Á

ds
±�º

dcw0
²½Ñ

b0 = 1
Ù`ºÀ°Ö¶)®{ÊJÆ�¼TÆX±•ÈJ¼"°�²½Æ�²Ç¸É¿Z±�°•®$¸ÉÆ�²½±�²ÇºÀ¸

º$Ñ

c
Ñ�°OºÀÁ

cs
±•º

ccw0
²½Ñ

b1 = 1
ÓàÞb¸^®$¾J¾J²x±•²½ºÀ¸;ÙJ±•ÈÉ¼n°�²½Æ�²Ç¸É¿¬±�°•®$¸JÆO²½±�²ÇºÀ¸6º$Ñ

a
Ñ�°OºÀÁ

as

±�º

acw1
¶
®$ÊJÆO¼
Æ-±�ÈJ¼9°O²ÇÆ�²½¸J¿á±•°•®{¸JÆ�²x±•²Çº$¸6º{Ñ

d
Ñ�°�º$Á

ds
±•º

dcw1
²xÑ

b0 = 1
ÙÝº$°"¶
®$ÊJÆ�¼TÆ

±�ÈJ¼Z°�²ÇÆO²Ç¸J¿n±�°•®$¸ÉÆ�²½±�²ÇºÀ¸Uº{Ñ

c
Ñ�°OºÀÁ

cs
±•º

ccw1
²½Ñ

b1 = 1
Ó

óAÈJ²½ÆL±bË%Ì£¼5º$Ñ;­£µ�¾J²ÇÆC±•°�²½ÎJÊÉ±�²ÇºÀ¸Ü²½Æ<¼4Í`ÈJ²ÇÎÉ²½±•¼T¾á²Ç¸¬®$¸Jº$±�ÈJ¼
°L¶T²Ç°�¶TÊJ²½±ú»5²½±•Èá±•ÈÉ¼5Ñ�ÊÉ¸J¶o�

±�²ÇºÀ¸JÆAº{Ñp�

d1 = a1 ^ b1 ^ c1 ; d0 = a0 _ b0 _ c0;

e1 = (a1 ^ b1) _ (b1 ^ c1) _ (a1 ^ c1) ; e0 = (a0 _ b0) ^ (b0 _ c0) ^ (a0 _ c0);

f 1 = a1 _ b1 _ c1 ; f 0 = a0 ^ b0 ^ c0;

»5ÈJ¼T°�¼ZÌJ°�²½Á/®{°OË¬²Ç¸JÌÉÊÉ±•Æ

a
Ù

b
®$¸J¾

c
®$°�¼ÅÌÒ®{°O±•²Ç®$´Ç´xË¬®$¶�·¹¸Jº�»5´Ç¼T¾J¿À¼
¾6Î�Ë/±�ÈJ¼ÅÆ�¼4±5º$Ñ

ÌJ°O²ÇÁÂ®$°OËŽºÀÊÉ±•ÌÉÊÉ±•ÆTÙ

f d;e;f g
Ó>µ"¸Ò®$´xË`ÆO²ÇÆàº$Ñ�±�ÈJ²ÇÆà¼4ÍÉ®$Á¬ÌJ´Ç¼Z²½Æ"´½¼TÑÚ±5Ñ�ºÀ°5±•ÈJ¼�°�¼)®{¾J¼
°"®$Æ

®$¸�¼÷ÍÉ¼T°�¶T²ÇÆ�¼{Ó

äÂårq òQï*s/ë5t1u&�¯î�ë�îv>�ïw:?xÅíyx �zxÅíyu�ï|{cì÷íyu íyuUè ñ2ò �úè~}

•

>Uì€�úèH• è5ëÜí�ï

Þb¸ž±�ÈJ²ÇÆÂÆ�¼
¶4±•²½ºÀ¸;ÙA±•ÈJ¼'¶�ÈÒ®$°•®{¶T±•¼T°�²½ÆO±•²½¶
ÆÂº$ÑÅ±•ÈJ¼'ÎÝ¼TÈÒ®)Ð`²½ºÀÊJ°Žº{ÑS®$ÆOË%¸J¶�ÈJ°OºÀ¸JºÀÊÉÆU¾Ò®{±�®

ÌÒ®�±•ÈJÆ"®$°�¼�ÆO±�ÊJ¾J²Ç¼T¾;Ó.A`ÊJÌÉÌÝºÀÆO¼�±�ÈJ¼9¾Ò®�±�®ÂÌJ®{±•È•²ÇÆàÁ/®$¾É¼SÊÉÌ–º$Ñ�Ñ�ÊJ¸É¶T±•²½ºÀ¸Ò®$´‘¶T¼
´½´ÇÆ

Ci
Ù

»5ÈJ²½¶�È•ÈJ®$Æ-®{¸•²½¸JÌJÊÉ±5Ð{®$°�²Ç®$ÎJ´½¼

k
®$¸J¾'º$ÊÉ±•ÌJÊ`±àÐ{®$°O²³®$ÎÉ´Ç¼

i
Ó>×ÒÊJ°O±�ÈJ¼
°OÁÂº$°�¼$Ù`±•ÈJ¼S¾Ò®{±•®

3$�



ÌÒ®�±•ÈFÆ•®�±•²ÇÆCßÒ¼
Æn±�ÈJ¼�­Ýµ °O¼
Û¹ÊJ²½°�¼
Á¬¼
¸�±�Æn»5ÈJ¼
°O¼6¼
®$¶�ÈuÌJ°�²½Á/®{°OËs²Ç¸JÌÉÊÉ±á®$¸J¾u²½¸¹±�¼
°O¸Ò®$´

Ð{®$°O²³®$ÎJ´½¼8²ÇÆAÌJ®$°O±�²³®$´½´½Ë¬®$¶�·¹¸Jº�»5´Ç¼T¾J¿À¼T¾;Ó

FHGƒ‚�GKJ „…M�†p‡pˆ)‡‰OŠUŒ‹D•)Q;‹DŽ9‡p•�R

ó�º/¼÷ÍÉÌÉ´³®$²½¸•±•ÈÉ¼�»X®�Ë•²Ç¸6»5ÈJ²Ç¶�È•±•ÈJ¼�²Ç¸JÌJÊ`±"Ð{®$´½²Ç¾J²x±bËŽ²ÇÆà¶�ÈJ¼T¶�·$¼
¾MÙ;±b»XºU¶TºÀ¸J¶
¼TÌÉ±•Æ8®$°�¼

²½¸¹±�°�º%¾JÊJ¶T¼
¾*�‘±•ÈÉ¼X¾J²½°�¼
¶4±�­£µ Ñ�®{¸��bºÀÊ`±¯ÆO¼T±
Ù

dir ect� PA(k)
�`®$¸J¾�±�ÈJ¼XÁ¬²Ç¸É²ÇÁÂ®$´$¾J²½°�¼T¶T±

­£µVÑ�®$¸•�bºÀÊÉ±"Æ�¼4±)Ù

min � dir ect � PA(k)
Ùþº$ÑL®áÐ{®$°�²Ç®$ÎJ´Ç¼

k
Ó

dir ect � PA(k)
²½Æ-®

ÆO¼T±Sº$ÑLÑ�ÊJ¸J¶4±•²Çº$¸Ò®$´�¶T¼
´Ç´½Æ-±•ÈJ®{±

k
Ñ�®$¸JÆÅ²½¸¹±�º�¾J²Ç°O¼
¶T±�´½Ë'®$¸J¾^»5ÈJºÀÆO¼Âº$ÊÉ±•ÌJÊ`±•ÆÅÌÒ®$°C±•²Ç®$´Ç´xË

®$¶�·¹¸Jº�»5´½¼
¾J¿À¼

k
Ó

min � dir ect � PA(k)
²ÇÆ"®

dir ect � PA(k)
»5²x±•È'¸ÉºUÆ�ÊJÎJÆO¼T±�Æ

±�ÈÒ®{±<®{°�¼

dir ect� PA(k)
ÓúÞb¸Ü®$¾J¾J²x±•²½ºÀ¸;Ùý±•ÈJ¼ZÃ�ÁÂ²½¸J²ÇÁÂ®$´³ÄÝ¾J²Ç°O¼
¶4±<­Ýµ Ñ�®$¸��!ºÀÊÉ±�ÆO¼T±�ÆúÑ�ºÀ°

±�ÈJ¼>Ð{®$´Ç²½¾Ü¾Ò®{±�®áÃ�¸¹ÊJ´Ç´³Ä¯¶TË%¶
´½¼$Ù

min � dir ect� PA(k " )
Ã

min � dir ect� PA(k #)
Ä4Ù

¶
®$¸•Î£¼Å¾J¼4ßÒ¸J¼
¾•²Ç¸6®ÜÆ�²½ÁÂ²½´³®$°ÏÁ/®$¸É¸J¼
°TÓ

×ú²½¿ÀÊJ°�¼

â

Ó-��²Ç´½´ÇÊJÆC±•°�®{±•¼TÆÏ®{ÎÝº�ÐÀ¼-¶
ºÀ¸J¶T¼
ÌÉ±�Æ
ÓLÞb¸/±�ÈJ¼ÅÔ@C�¸J¼T±�´Ç²½ÆO±)Ù

a
²ÇÆÏÌÒ®$°C±•²³®{´Ç´½Ën®$¶o�

·¹¸Jº�»5´Ç¼T¾J¿À¼T¾ÂÎ�Ë

f c;dg
Ù�ÎJÊÉ±L¸É¼
²½±�ÈJ¼
°

c
¸Jº$°

d
ÓúóAÈJ¼T°�¼TÑ�º$°�¼$Ù

dir ect� PA(a) ‘ min �

dir ect � PA(a) ‘ f c;dg
ÓÖ×ÒÊJ°C±•ÈJ¼T°�Á¬ºÀ°�¼{Ù

c
²ÇÆ5ÌÒ®$°C±•²Ç®$´Ç´xË/®{¶�·%¸Éºý»5´½¼
¾J¿$¼
¾–Î�Ë

F
Ã

G
Ä4Ó

µ"Æ�®�°�¼TÆ�ÊJ´x±)Ù

dir ect � PA(c) 2 f F; G; f F; Ggg
®$¸J¾

min � dir ect � PA(c) 2

f F; Gg
Ó

��²½±�È«±•ÈÉ¼/±•°�®$¸JÆ�²x±•²xÐÀ¼/ÌÉ°�ºÀÌ£¼
°C±bË«º$Ñà­£µ9Ù¯¼)®$¶�Èu²Ç¸ÉÌJÊÉ±Ü®{¸J¾F²Ç¸�±•¼T°�¸Ò®{´ÖÐ{®$°O²³®$ÎJ´½¼

k
²½ÆSÌJ®$°O±�²³®$´½´½Ë'®$¶�·¹¸Jº�»5´Ç¼
¾É¿À¼
¾ûÎ�Ë2®�Æ�¼T±9º$Ñ>ÌÉ°�²ÇÁÂ®$°CË^ºÀÊÉ±�ÌJÊÉ±•ÆTÙ

M k
ÓŽóAÈJ¼T°�¼TÑ�º$°�¼$Ù�±•ÈJ¼

±�°•®$¸JÆO²½±�²ÇºÀ¸JÆ}º$ÑJ®$´Ç´À±�ÈJ¼ÏÐ{®$°O²³®$ÎÉ´Ç¼
Æ‘²½¸

M k
Ñ�°�º$ÁØÆ�ÌÒ®$¶T¼
°OÆ¯±•ºàÐ{®$´Ç²½¾S¶Tº`¾É¼Ï»ÏºÀ°�¾JÆ¯²Ç¸J¾É²Ç¶)®�±•¼

±�ÈÒ®{±

k
ÈJ®$Æ�±�°•®$¸ÉÆ�²½±�²ÇºÀ¸É¼
¾ÅÑ�°�ºÀÁR®"Æ�ÌJ®$¶
¼T°�±�º-®5Ð$®{´Ç²Ç¾Å¶Tº`¾É¼Ö»ÏºÀ°�¾MÙÀ®$¸J¾S±•ÈJ¼L±•°�®$¸JÆO²½±•²½ºÀ¸JÆ

º$Ñà®{´Ç´<±•ÈJ¼ÂÐ$®{°�²³®{ÎJ´Ç¼TÆ9²Ç¸

M k
Ñ�°OºÀÁ…Ð$®{´Ç²Ç¾2¶
º%¾J¼/»ÏºÀ°�¾ÉÆn±•º–ÆOÌÒ®$¶
¼T°�ÆÜ²½¸J¾J²Ç¶
®{±•¼

k
ÈÒ®{Æ

±�°•®$¸JÆO²½±�²ÇºÀ¸J¼T¾6Ñ�°OºÀÁ ®¬Ð{®$´½²Ç¾6¶
º%¾J¼�»ÏºÀ°�¾•±•ºŽ®¬Æ�ÌÒ®{¶
¼
°TÓ-Þb¸'±�ÈJ²ÇÆà¿À´½ºÀÎÒ®$´‘ÁÂ®$¸J¸J¼T°
Ùþ±•ÈJ¼

3

â



a1

b1

a0

b0

c1

c0

d1

d0

F1

F0

G1

G0

C

C

C

C

×ú²½¿ÀÊJ°�¼

â

Ód�•�àÃ]Z•²½¸J²ÇÁÂ®$´ÚÄ<¾J²½°�¼
¶4±5Ñ�®$¸JºÀÊÉ±5ÆO¼T±�Æ

Ð{®$´½²Ç¾J²x±bË«º$Ñ

k
²ÇÆá¶�ÈJ¼
¶�·{¼
¾�Î�ËF±•ÈJ¼6ÌJ°O²ÇÁÂ®$°OË«ºÀÊÉ±•ÌÉÊÉ±•Æ¬º$Ñà±•ÈJ¼6¾Ò®{±•®sÌÒ®�±•È;ÙX®$¸J¾‹¸Éº

±�°•®$¸JÆO²Ç¼T¸¹±LÌÉ°�²ÇÁÂ®$°CË9²½¸JÌJÊÉ±�Æ<ºÀ°<²Ç¸�±•¼T°�¸Ò®{´ÉÐ{®$°�²Ç®$ÎJ´Ç¼TÆ�¼4Í`²½ÆO±!�¯¼TÐ$¼
°OË

k
¿$º`¼TÆ�±•ÈJ°OºÀÊJ¿ÀÈÜ±•ÈÉ¼

¶4Ë`¶T´Ç¼8º{Ñ}Æ�ÌÒ®$¶T¼
°p�!Ð{®$´Ç²½¾/¶Tº`¾J¼"»XºÀ°O¾�ÎÝ¼4Ñ�ºÀ°�¼"²½±>²½ÆXÊJÆO¼
¾�²Ç¸Â±•ÈJ¼8ÆOÊJÎJÆO¼
Û¹ÊJ¼
¸�±àÌJ°Oº`¶T¼
Æ�ÆAº{Ñ

Ñ�ÊJ¸É¶T±•²½ºÀ¸�¼TÐ{®$´½ÊÒ®{±•²½ºÀ¸;Ó

óAÈJ¼áÑ�ÊJ¸J¶4±•²Çº$¸s¼4Ð{®$´ÇÊÒ®�±•²Çº$¸^ÌJ°�º%¶
¼TÆ�ÆSº$Ñ

Ci
Ù¯º$¸_±�ÈJ¼¬º$±•ÈJ¼T°ÅÈÒ®$¸J¾MÙ¯Ì£¼
°CÑ�ºÀ°�Á¬Æ8±•ÈJ¼

´½º`¶
®$´{Ð{®$´½²Ç¾J²x±bË"¶�ÈÉ¼
¶�·Zº$Ñ`²½±•Æ‘¾É²Ç°�¼T¶T±‘Ñ�®$¸•�b²Ç¸ÉÆ
Ó

k
¶)®$¸ZÎ£¼Ö¶�ÈÉ¼
¶�·$¼T¾nÑ�ºÀ°‘²½±�ÆMÐ{®$´Ç²½¾J²½±bË"ºÀ¸J´xË8²xÑ

k
ÈÒ®$Æ¯®

min � dir ect� PA(k)
±�ÈÒ®{±�¼
Û¹ÊÒ®$´½Æ

f Ci g
Ó¯Þ!Ñ`±•ÈJ²½Æ¯²½Æ‘±•ÈJ¼L¶)®{Æ�¼$Ù

k
²½Æ�²½¸J¶
´½ÊJ¾J¼T¾

²½¸

Wk
º$Ñ�Z•®$°O±�²Ç¸*`ÿÆ¬Ñ�ÊÉ¸J¶T±�²ÇºÀ¸Ò®{´>¼TÐ{®$´½ÊÒ®{±•²½ºÀ¸uÌJ°�º$¿À°•®$Á¬Á¬¼5�`Óxõ6Ñ�ºÀ°Ü±�ÈJ¼•ÌÉ°�¼
¾É²Ç¶)®�±•¼
Æ

º$Ñ

v(Wk)
®$¸É¾

n(Wk)
Ó




±�ÈJ¼
°C»5²ÇÆO¼$Ù5²½Ñ8±�ÈJ¼
°O¼'¼÷ÍÉ²½ÆO±�ÆU®

min � dir ect � PA(k)
¶TºÀ¸�±�®$²½¸J²Ç¸J¿ZÑ�ÊJ¸J¶4±•²½ºÀ¸Ò®$´Ò¶T¼
´Ç´½ÆÏº{±•ÈJ¼T°Ö±�ÈÒ®$¸

Ci
Ù%±�ÈJ¼àÐ{®$´½²Ç¾J²x±bËnº$Ñ

k
¶)®{¸J¸Jº$±ÏÎÝ¼"¶�ÈJ¼
¶�·{¼
¾

ÆOºÀ´Ç¼T´½ËáÎ�Ë

Ci
` Æ>º$ÊÉ±•ÌJÊ`±)Ó��"º�»Ï¼TÐ$¼
°
ÙJ±�ÈJ²ÇÆÏ¾Jº%¼
Æ>¸Jº{±>Á¬¼)®$¸/±�ÈJ¼-Ð{®$´½²Ç¾J²x±bËá¶�ÈJ¼
¶�·Žº{Ñ

k
²ÇÆ
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P

roq
s l (a; b) pRj tRr

P

s a pRj u

ó¯®$ÎJ´½¼­¹`Ó½õŠ�}Ô-ºÀÁ¬²Ç¸Ò®{±�²Ç¸J¿Ï²Ç¸JÌÉÊÉ±•Æ�®$¸J¾Å±�ÈJ¼L¾J¼T±�¼
°�Á¬²Ç¸J®{±•²½ºÀ¸8¶
°O²½±�¼
°�²Ç®>º$Ñ%µ@�"Ô��

Ú

a� b�
®$¸É¾6µ)�-Ô��

Ú

a ? b�

7
GIF.GIF ý'SÊ“”‡p•�M1O�‡p•)R ‡K•.–@ßHOD•ÐM�•)ˆŒQ;M1T,†rU –�T,S1–@M�R�MPOD‡pS�•

ÌL®$°O´½ËÂÌJ°�ºÀÌJ®$¿�®{±�²ÇºÀ¸–ÃµÌL­ÖÄX²ÇÆÏ±�ÈJ¼ÅÌJÈJ¼T¸JºÀÁ¬¼
¸Jº$¸Ž±•ÈÒ®{±X±•ÈJ¼ÅºÀÊ`±•ÌJÊÉ±>ÎÝ¼T¶
ºÀÁ¬¼
Æ5®�Ð{®$´½²Ç¾

¶Tº`¾J¼Å»ÏºÀ°�¾ûÃ�ÆOÌÒ®$¶
¼T°�ÄAÎÝ¼4Ñ�ºÀ°�¼S®$´½´;²Ç¸ÉÌJÊÉ±•Æ5Î£¼
¶TºÀÁÂ¼ÅÐ{®$´½²Ç¾U¶
º%¾J¼Å»ÏºÀ°�¾JÆ9Ã�ÆOÌÒ®$¶T¼
°�Æ•Äà²½¸•®

Ð{®$´½²Ç¾/¾J®{±�®�Ã�¸%ÊÉ´Ç´ÚÄL¶TË%¶
´½¼$ÓLµ-¸U²½¸JÌJÊÉ±

i
²ÇÆA®$¸U¼
®$°�´xË/ÌÉ°�ºÀÌÒ®{¿�®{±•¼T¾U²Ç¸JÌÉÊÉ±A²Ç¸Ž®á¶4Ë%¶
´Ç¼{ÙJ²½Ñ

i
²ÇÆÏ±�ÈJ¼8¾Jº$ÁÂ²½¸Ò®{±•²½¸J¿Z²Ç¸JÌÉÊÉ±A®$¸É¾

i
²ÇÆÏ¸Jº$±Ï±•ÈJ¼8´Ç®$ÆO±Ï²Ç¸ÉÌJÊÉ±X±�ÈÒ®{±XÁ/®$·{¼
ÆA®S±•°•®{¸JÆ�²x±•²Çº$¸;Ó

×ÒºÀ°Ï¼4ÍÉ®$Á¬ÌJ´Ç¼{ÙÉÞb¸Uµ@�"Ô��

Ú

a � b�
Ù

earl ier (a;b)
¼)®$°O´½ËÂÌJ°�ºÀÌJ®$¿�®{±�¼
ÆX±�ºn±•ÈJ¼8º$ÊÉ±•ÌJÊ`±

²½¸n±•ÈJ¼>Ð{®$´½²Ç¾Ü¾Ò®{±•®8¶TË%¶
´½¼A»5²½±•Èn±�ÈJ¼5²Ç¸JÌÉÊÉ±�ÐÀ¼T¶T±�ºÀ°Lº$Ñ

a0 = b0 = 1
ÙÀ»5ÈJ¼T°�¼)®{ÆÖ¸ÉºS²½¸JÌJÊÉ±

¼
®$°�´xËŽÌJ°OºÀÌÒ®$¿�®�±•¼
ÆA²½¸U±•ÈJ¼ÅÐ{®$´Ç²½¾U¾Ò®{±•®á¶4Ë%¶
´Ç¼Å»5²x±•È

a1 = b1 = 1
Ó

ºáårq wÝë&�?>Ží :Uè9�^è5ë5:Uè5ëáíôí}ì=• ì
ë&Ò ï‘ìi• >&8=xZí}ì4î9ë�ï




¸J¼AÆC±•°•®{²Ç¿ÀÈ�±�Ñ�º$°O»X®$°�¾¬®$ÌJÌÉ´Ç²Ç¶
®{±•²½ºÀ¸nº$ÑÝ¾JºÀÁ¬²Ç¸J®{±•²½¸J¿-²½¸JÌJÊÉ±�Æ<²ÇÆ�±•ÈÉ¼à²½¸JÌJÊÉ±L¾É¼
Ì£¼
¸J¾J¼T¸�±

±�²ÇÁ¬²Ç¸J¿5Æ�²½ÁnÊJ´Ç®{±•²½ºÀ¸JÆ}º$Ñ£®$¸Ü®{ÆOË%¸J¶�ÈJ°OºÀ¸JºÀÊJÆ<¾J®{±�®-ÌJ®{±•ÈnÊÉ¸J¾J¼
°�®$¸Ü²Ç¸JÌÉÊÉ±¯Ð$¼
¶4±•ºÀ°TÓ�óAÈJ²ÇÆ

±bË%Ì£¼Sº{ÑúÆO²ÇÁnÊJ´Ç®{±•²½ºÀ¸Ž²½ÆAÊJÆ�¼4Ñ�ÊJ´‘±•º¬®$¸Ò®$´xË%Æ�¼Å±•ÈJ¼ZÌ£¼
°CÑ�ºÀ°�ÁÂ®$¸J¶T¼Åº$Ñ�®á¾Ò®{±•®ÜÌÒ®{±•ÈU»5ÈJ¼T¸

±�ÈJ¼'²½¸JÌJÊÉ±�Æ/®$°O¼•·¹¸Jº�»5¸yxz�¦ë)<]ê¾ë)<ÚÓœóAÈJ¼–¸Jº$±•®{±•²½ºÀ¸JÆáÊJÆO¼
¾œ²Ç¸u±•ÈÉ¼'Æ�²½ÁnÊJ´Ç®{±•²½ºÀ¸ ®$°�¼

²½´Ç´ÇÊÉÆO±•°�®{±•¼T¾9»5²½±�ÈÜ±•ÈJ¼5ÈJ¼T´ÇÌáº$ÑM×ú²Ç¿ÀÊÉ°�¼H¹`ÓxõÀÓ¯Þb¸¬±�ÈJ²ÇÆ�ßÒ¿$ÊJ°�¼{ÙÀ±•ÈJ¼5ºÀÊÉ±�ÌJÊÉ±Öº$ÑÝÔ@Cà×1Z

ck

�

õ



Ck
k

C
i

i

Cj
j

×ú²Ç¿$ÊJ°�¼	¹`Óxõ��L­¯®$°O±àº$Ñú®Ü¾Ò®{±�®ÜÌÒ®�±•È6ÊJ¸J¾J¼T°5±�²ÇÁ¬²Ç¸J¿9Æ�²ÇÁ9ÊJ´³®{±�²ÇºÀ¸

¾J°O²½Ð$¼
Æ5¸J¼T±

k
ÙJ»5ÈÉ²Ç¶�È'²½¸U±•ÊJ°O¸•²½ÆA¶
ºÀ¸J¸É¼
¶T±�¼
¾'±�ºÜ±•ÈJ¼S²Ç¸JÌÉÊÉ±5º$Ñ<Ô)C"×1Z

ci
ÓÒÆ�²½ÁÂ²½´³®$°O´½ËÀÙ

±�ÈJ¼AºÀÊÉ±�ÌJÊÉ±Öº$Ñ

ci
¾J°O²½Ð$¼
ÆL¸J¼T±

i
Ù¹»5ÈÉ²Ç¶�Èá²ÇÆ<¶TºÀ¸J¸J¼T¶T±•¼T¾Â±�ºZ±�ÈJ¼5²Ç¸JÌÉÊÉ±<º$Ñ

cj
ÓPX‘¼4±

t(ci " )
®$¸É¾

t(ci #)
¾J¼
¸Éº$±•¼n±�ÈJ¼Ü®$°O°�²½Ð{®$´}±•²½ÁÂ¼TÆ-º$ÑL±�ÈJ¼n°�²½Æ�²½¸J¿Ž®$¸É¾–Ñ�®$´Ç´½²Ç¸J¿á±•°�®$¸JÆ�²x±•²½ºÀ¸JÆ-º{Ñ

i
®{±

ci
`ÿÆ8ºÀÊÉ±�ÌJÊÉ±)Ù£°�¼TÆ�Ì£¼
¶4±•²½Ð$¼
´xËÀÓ8×ÒÊJ°C±•ÈJ¼T°�Á¬ºÀ°�¼{Ù

t(k; ci " )
®$¸J¾

t(k; ci #)
¾J¼T¸Jº$±�¼�±•ÈÉ¼

®$°O°�²xÐ$®{´{±•²½ÁÂ¼TÆ;º$Ñ%±•ÈJ¼<°O²ÇÆO²Ç¸J¿5®$¸É¾ZÑ�®{´Ç´Ç²½¸J¿Ï±�°•®$¸ÉÆ�²½±�²ÇºÀ¸ÉÆ;º$Ñ

k
®{±

ci
` Æ}²Ç¸ÉÌJÊÉ±)Ùý°O¼
Æ�Ì£¼
¶4±•²xÐÀ¼
´xËÀÓ

Þb¸n®AÐ{®$´Ç²½¾Å¾Ò®{±•®à¶4Ë`¶T´Ç¼{Ù

t(ci " ) = t(k; ci " )+ dk;ci "
Ùý»5ÈJ¼
°O¼

k
²ÇÆ‘±•ÈÉ¼Ö¾ÉºÀÁÂ²½¸Ò®{±�²Ç¸J¿

²½¸JÌJÊÉ±-º$Ñ

ci
²Ç¸'±�ÈJ¼nÐ{®$´Ç²½¾'¾Ò®{±•®/¶TË%¶T´Ç¼Ü®$¸É¾

dk;ci "
²ÇÆà±•ÈJ¼9°�²ÇÆO²Ç¸J¿Ž­ÖÔ§º{Ñ

ci
Ñ�°�º$Á ²x±•Æ

²½¸JÌJÊÉ±"Æ�ÊJÎ•�!Ð{®$°�²Ç®$ÎJ´½¼

kx ±�º

ci
`ÿÆ-ºÀÊÉ±�ÌJÊÉ±-Æ�ÊJÎ���Ð{®$°�²Ç®$ÎJ´Ç¼

i x ±•ÈJ®{±8®{°�¼�®$Æ�ÆO¼
°O±�¼
¾^²½¸6±�ÈJ²ÇÆ

Ð{®$´½²Ç¾Ž¾Ò®�±�®á¶TË%¶
´½¼$Ó

Þb¸F®6¸%ÊÉ´Ç´Ö¶TË%¶
´½¼$Ù

t(ci #) = t(k; ci #) + dk;ci #
Ùú»5ÈJ¼
°O¼

k
²½ÆS±�ÈJ¼/¾ÉºÀÁÂ²½¸Ò®{±�²Ç¸J¿

²½¸JÌJÊÉ±"º$Ñ

ci
²½¸6±�ÈJ¼9¸¹ÊJ´½´¯¶4Ë`¶T´Ç¼9®$¸J¾

dk;ci #
²½Æà±�ÈJ¼�Ñ�®{´Ç´Ç²½¸J¿á­LÔ§º$Ñ

ci
Ñ�°OºÀÁ ®$¸'²½¸JÌJÊÉ±

ÆOÊJÎ��!Ð{®$°O²³®$ÎÉ´Ç¼

kx ±•º

ci
`ÿÆ>ºÀÊÉ±�ÌJÊÉ±AÆOÊJÎ���Ð$®{°�²³®{ÎJ´Ç¼

i x ±•ÈJ®{±A®$°O¼8¾J¼€��®$ÆOÆ�¼
°C±•¼T¾6²½¸Ž±•ÈJ¼-¸%ÊÉ´Ç´

¶4Ë`¶T´Ç¼{ÓªÞb¸‹®$¾J¾J²x±•²Çº$¸;Ù

t(k; ci " )
®{¸J¾

t(k; ci #)
®$°�¼�¾J¼4±•¼T°�Á¬²Ç¸J¼T¾ªÎ�Ë

t(k; ci " ) =

t(ck " ) + D ck ;ci "
Ù¯®$¸J¾

t(k; ci #) = t(ck #) + D ck ;ci #
Ù�°O¼
ÆOÌÝ¼T¶T±•²xÐÀ¼T´½ËÀÓ

D ck ;ci "
®$¸É¾

D ck ;ci #
®$°�¼n±�ÈJ¼á°�²ÇÆO²Ç¸J¿Ž®$¸J¾_Ñ�®$´Ç´½²Ç¸J¿Ü��²Ç°O¼áÔ-¼
´Ç®�Ë%ÆÂÃƒ�jÔ"Æ�Ä-Ñ�°�ºÀÁ ±•ÈJ¼Üº$ÊÉ±•ÌJÊ`±

º$Ñ

ck
±•ºÜ±•ÈJ¼Z²½¸JÌJÊÉ±5º$Ñ

ci
²½¸6®ÜÐ{®$´½²Ç¾U¾Ò®�±�®á®$¸J¾6¸¹ÊJ´Ç´;¶4Ë%¶
´Ç¼{ÙÒ°�¼TÆ�Ì£¼
¶T±�²½Ð$¼
´½Ë$Ó

z|{�xŠ�)�¦â ç%=@?BA2×ú²½¿ÀÊJ°�¼�¹`Ó-�¬ÆOÈJº�»5ÆÅ®/¾Ò®{±•®ÂÌÒ®�±•È'»5ÈJ¼T°�¼9±�ÈJ¼nÔ)C"×1Z6Æ

cd
Ù

ce
Ù

cf
Ù

�

�



a

b

c

C
d

C
e

C
f

h

d

f

e

Cg

C
h

a'

Ca'

g

×ú²½¿ÀÊJ°�¼�¹`Ód�•�LÔ8®{±�®áÌÒ®{±�È�¼4ÍÉ®$Á¬ÌJ´Ç¼8Ñ�ºÀ°AÁ¬²Ç¸•�bÁÂ®�Í¬±•²ÇÁ¬²Ç¸É¿Ü®$¸Ò®$´xË%Æ�²ÇÆ

cg
®{¸J¾

ch
®$°�¼

AN D2
Ú

a ? b?
Ù

AN D2
Ú

a0 � c?
Ù

AN D2
Ú

b� c�
Ù

OR2
Ú

d ? e "
Ù

®$¸É¾

OR2
Ú

e # f ?
ÙJ°�¼TÆ�Ì£¼
¶4±•²½Ð$¼
´xËÀÓ

ca0
²ÇÆ>±•ÈÉ¼�Ô)C"×1Z…º$Ñ¯²Ç¸�ÐÀ¼T°O±�²Ç¸J¿ÜÑ�ÊJ¸J¶4±•²½ºÀ¸Ž»5ÈJºÀÆO¼

ÌJ°OºÀÌÒ®$¿À®{±•²½ºÀ¸á¾J¼
´Ç®�Ë%ÆX®$°�¼-®$Æ�ÆOÊJÁÂ¼T¾/±•º�ÎÝ¼"öÉÓ�Þb¸Â±•ÈJ²½ÆÏ¼÷ÍJ®{ÁÂÌJ´½¼$Ù�±•²½ÁÂ²½¸J¿ZÆ�²½ÁnÊJ´³®�±•²Çº$¸JÆ

®$°O¼ÅÌÝ¼T°OÑ�ºÀ°OÁÂ¼T¾UÑ�ºÀ°>±•ÈJ¼ÅÐ{®$´½²Ç¾U¾Ò®{±•®Ü¶TË%¶
´½¼Z»5²x±•ÈU±•ÈÉ¼S²½¸JÌJÊÉ±5Ð$¼
¶T±�ºÀ°5º$Ñ

a = 0
Ù

b= 0
Ù

c = 1
Ó ­<°�²ÇÁÂ®$°CËû²Ç¸ÉÌJÊÉ±•Æáº$Ñà±•ÈÉ¼6¾J®{±�®_ÌÒ®{±�ÈªÈÒ®)Ð$¼6±�ÈJ¼UÑ�ºÀ´Ç´½ºý»5²½¸J¿^®$°O°�²xÐ$®{´Ï±•²½ÁÂ¼TÆi�

t(a " ) = 0
Ù

t(b " ) = 1
®{¸J¾

t(c " ) = 2
Ón­ÖÔ"Æ�º$ÑL±�ÈJ¼ÜÑ�ÊJ¸J¶T±�²ÇºÀ¸J®$´úÁ¬º`¾ÉÊJ´Ç¼TÆ8ÈÒ®)ÐÀ¼

Î£¼
¼T¸¬¶
®$´Ç¶TÊJ´³®�±•¼
¾9²Ç¸ÜÌúÍÉ®$ÁÂÌÉ´Ç¼
3JÓ

â

Ó-�`Ù$»5ÈJ¼T°�¼5¼
´½¼
¶4±•°�²½¶)®$´`¼TÕÝºÀ°O±�Æ<²ÇÆ�ÆO²ÇÁ¬ÌJ´½ËS¶
®$´Ç¶TÊJ´³®{±�¼
¾

®$ÆA±�ÈJ¼�°�®{±•²½ºÜº$ÑúÑ�®{¸��bºÀÊ`±à®$¸J¾•Ñ�®{¸��b²½¸U¸%ÊÉÁnÎÝ¼T°�ÆTÓA×ÒÊJ°O±�ÈJ¼
°OÁÂºÀ°O¼$ÙD�jÔ"Æ8®$°O¼�®{Æ�Æ�ÊÉÁÂ¼T¾

±�º¬Î£¼áõÀÓ

×ÒºÀ°

cd
ÙJ±•ÈJ¼S®$°O°�²½Ð{®$´£±•²½ÁÂ¼TÆAº$Ñú²x±•ÆA²½¸JÌJÊÉ±�Æ5®$°�¼k�

t(a;cd " ) = t(a " ) + D a;cd " = 1
ÙÒ®$¸J¾

t(b;cd " ) = t(b " ) + D b;cd " = 2
Ó

µA¶
¶TºÀ°�¾É²Ç¸J¿�±•º'Ô-¼TßÒ¸É²½±•²½ºÀ¸�¹`Ó

â

ÃCõýÄ÷Ù

b
¾JºÀÁ¬²Ç¸Ò®{±�¼
Æ

cd
²Ç¸_±•ÈÉ²ÇÆZ¶TË%¶
´½¼$Ó5A%ÊJÌJÌ£ºÀÆ�¼

d
²½Æ5±�ÈJ¼ZÆ�¼T¶
ºÀ¸J¾'²Ç¸JÌJÊ`±5ÎÝ¼T²Ç¸J¿¬¼4Í`ÌÒ®$¸É¾J¼
¾'»5ÈÉ¼
¸'ÊÉÆ�²Ç¸É¿Â¼÷ÍÉÌÉ°�¼
ÆOÆ�²½ºÀ¸[3JÓxõZ±•º¬¾J¼
ÆO²Ç¿À¸�±•ÈJ¼

­LÔ@�SÙ

�$â



t(cd " ) = t(b;cd " ) + db0 ;c0
d

" = 2 + (4hb0 + 14
3 ) = 2 + 4 � 1 + 14

3 = 10:7
Ó

×ÒºÀ°

ce
ÙÉ±�ÈJ¼S®$°�°O²½Ð{®$´£±•²ÇÁ¬¼
ÆAº{Ñú²x±•ÆA²Ç¸ÉÌJÊÉ±•Æà®$°O¼Š�

t(a0; ce " ) = t(a " ) + D a;ce " = 1
ÙÒ®{¸J¾

t(c;ce " ) = t(c " ) + D c;ce " = 3
Ó

µA¶
¶TºÀ°�¾É²Ç¸J¿á±•º¬Ô-¼4ßÒ¸J²½±�²ÇºÀ¸z¹`Ó

â

Ãµ�ÀÄ4Ù

c
¾JºÀÁ¬²Ç¸Ò®{±�¼
Æ

ce
²Ç¸U±�ÈJ²ÇÆA¶4Ë`¶T´Ç¼{ÓÖóAÈÉ¼
°�¼4Ñ�ºÀ°�¼{Ù

t(ce " ) = t(c;ce " ) + dc1 ;c1
e

" = 3 + ( 8
3hc1 + 4

3) = 3 + 8
3 � 2 + 4

3 = 9:7
Ó

×ÒºÀ°

cf
ÙJ±•ÈJ¼S®$°O°�²½Ð{®$´£±•²½ÁÂ¼TÆ>º$Ñ�²x±•ÆA²½¸JÌJÊÉ±�Æ5®$°�¼k�

t(b;cf " ) = t(b " ) + D b;cf " = 2
ÙÒ®{¸J¾

t(c;cf " ) = t(c " ) + D c;cf " = 3
Ó

µA¶
¶TºÀ°�¾É²Ç¸J¿á±•º¬Ô-¼4ßÒ¸J²½±�²ÇºÀ¸z¹`Óxõ¹Ã�õýÄ4Ù

b
¾JºÀÁ¬²Ç¸Ò®�±•¼
Æ

cf
²½¸U±•ÈJ²½ÆA¶TË%¶
´½¼$ÓLóAÈJ¼
°O¼TÑ�ºÀ°O¼$Ù

t(cf " ) = t(b;cf " ) + db0 ;c0
f

" = 2 + ( 5
3hb0 + 2) = 2 + 5

3 � 1 + 2 = 5:7
Ó

×ÒºÀ°

cg
ÙJ±•ÈJ¼Z®$°O°�²xÐ$®{´M±•²½ÁÂ¼TÆ>º$Ñ¯²½±•ÆA²½¸JÌJÊÉ±�Æà®$°�¼k�

t(d;cg " ) = t(cd " ) + D cd ;cg " = 11:7
ÙÒ®$¸J¾

t(e;cg " ) = t(ce " ) + D ce;cg " = 10:7
Ó

µA¶
¶TºÀ°�¾É²Ç¸J¿á±•º¬Ô-¼4ßÒ¸J²½±�²ÇºÀ¸z¹`Ó

â

Ã�õýÄ4Ù

d
¾JºÀÁ¬²Ç¸J®{±•¼TÆ

cg
²Ç¸U±•ÈJ²½ÆA¶TË%¶
´½¼$ÓLóAÈJ¼T°�¼TÑ�º$°�¼$Ù

t(cg " ) = t(d;cg " ) + dd0 ;c1
g

" = 11:7 + ( 8
3hd0 + 10

3 ) = 11:7 + 8
3 + 10

3 = 17:7
Ó

×ú²½¸Ò®$´Ç´xËáÑ�ºÀ°

ch
Ù`±•ÈJ¼S®$°O°�²½Ð{®$´£±•²½ÁÂ¼TÆAº$Ñú²x±•ÆA²½¸JÌJÊÉ±�Æ"®{°�¼Š�

t(e;ch " ) = t(ce " ) + D ce;ch " = 10:7
ÙJ®$¸J¾

t(f ; ch " ) = t(cf " ) + D cf ;ch " = 6:7
Ó

µA¶
¶TºÀ°�¾É²Ç¸J¿á±•º¬Ô-¼4ßÒ¸J²½±�²ÇºÀ¸z¹`Ó

â

Ã�õýÄ4Ù

e
¾JºÀÁ¬²Ç¸J®{±•¼TÆ

ch
²Ç¸U±•ÈÉ²ÇÆA¶TË%¶T´Ç¼$ÓLóAÈJ¼T°�¼4Ñ�ºÀ°�¼{Ù

t(ch " ) = t(e;ch " ) + de1 ;c1
h

" = 10:7 + ( 10
3 he1 + 4) = 10:7 + 10

3 + 4 = 18
Ó

Þ!±Ï¶)®$¸ŽÎ£¼àÆ�¼
¼T¸ŽÑ�°�ºÀÁ§±�ÈJ²ÇÆL¼÷ÍJ®{ÁÂÌJ´½¼à±�ÈÒ®{±Ï²Ç¸JÌÉÊÉ±n�!¾J¼
Ì£¼
¸J¾É¼
¸�±X±�²ÇÁ¬²Ç¸J¿ZÆ�²½ÁnÊJ´Ç®{±•²½ºÀ¸

¶TºÀÁÂÌÉ´Ç¼T±�¼
´xËZ¾J¼T±�¼
°�Á¬²Ç¸É¼
Æ¯±�ÈJ¼X±�²ÇÁ¬²Ç¸J¿àÎÝ¼TÈÒ®)Ð%²ÇºÀÊJ°¯º$Ñ£®-ÌÒ®{°O±•²Ç®$´Ç´xËÅ®$¶�·¹¸Jº�»5´½¼
¾J¿À¼T¾á¾Ò®{±�®

�

3



ÌÒ®�±•ÈjÊJ¸J¾J¼T°'®$¸j²Ç¸ÉÌJÊÉ±UÐÀ¼T¶T±�ºÀ°
Óe�"º�»X¼4ÐÀ¼T°
ÙZ»5ÈJ¼
¸ ²Ç¸ÉÑ�ºÀ°OÁ/®�±•²Çº$¸žºÀ¸j²Ç¸JÌJÊ`±UÐ$®{´ÇÊJ¼

²½Æn¸Jº$±á®)Ð{®$²½´³®$ÎJ´½¼$Ù¯Æ�ºÀÁ¬¼ŽÆO±•®{±•²½¶Â±�²ÇÁ¬²Ç¸J¿6±•¼
¶�ÈÉ¸J²ÇÛ¹ÊJ¼TÆÂ®{°�¼Ž°O¼
Û¹ÊJ²Ç°O¼
¾F±•º_®{¸Ò®$´½Ë%ÆO¼/±•ÈJ¼

Ì£¼
°CÑ�ºÀ°�ÁÂ®$¸J¶T¼Åº$Ñ�®Ü¾Ò®�±�®ÜÌÒ®{±�È;ÙJ»5ÈJ²Ç¶�È�»5²Ç´½´MÎ£¼Z²Ç¸�±•°Oº`¾JÊÉ¶
¼
¾6²Ç¸Ž±�ÈJ¼Z¸J¼4Í%±"Æ�¼T¶T±•²½ºÀ¸;Ó

ºáå�º Ï ìTë }�• xD5 ï;íyxÅí}ìit©í}ìi• ìTë&Ò x�ë5x%8os/ï‘ì
ï

A%±•®{±•²½¶8±•²½ÁÂ²½¸J¿Ü®$¸Ò®{´½Ë%Æ�²½ÆSÃ]A`ó�µÅÄA²ÇÆ5®$¸6²Ç¸ÉÌJÊÉ±à²Ç¸J¾É¼
Ì£¼
¸J¾J¼T¸�±"±�¼
¶�ÈJ¸J²½Û¹ÊJ¼S±�ºÂ¶
®$´Ç¶TÊJ´³®�±•¼

¶T²Ç°�¶TÊJ²½±X¾J¼
´Ç®)Ë`ÆTÓ<Þ!±A²ÇÆÖ»5²Ç¾J¼T´½ËÂÊJÆ�¼T¾�²Ç¸ŽÆCË`¸É¶�ÈJ°�ºÀ¸ÉºÀÊJÆ5¾J¼
ÆO²Ç¿À¸ÉÆX»5ÈJ¼
°O¼8±•²½ÁÂ²½¸J¿9¶T´ÇºÀÆOÊJ°�¼

ÁnÊÉÆO±ÜÎ£¼ŽÆ•®�±•²ÇÆCßÒ¼
¾MÓNA`ó¯µ ²½Æ9¸J¼T¼
¾J¼T¾ Ñ�º$°n®$ÆCË`¸É¶�ÈJ°�ºÀ¸ÉºÀÊJÆá¾Ò®{±•®'ÌÒ®{±�ÈJÆÜ®$Æ9»Ï¼
´½´�Ù<Î�Ë

»5ÈJ²½¶�È�¶
°�²x±•²½¶)®$´þÌÒ®{±�ÈJÆA¶)®{¸6Î£¼8¾J¼T°�²xÐÀ¼
¾6®$¸É¾6Ê`±•²Ç´½²ÇÆO¼
¾Ž®{Æ>±•ÈJ¼8º$Î~}O¼
¶4±•²½Ð$¼
ÆAÑ�ºÀ°>º$ÌÉ±•²½ÁÂ²š�

Æ�®{±•²½ºÀ¸_Ã�»5²½´Ç´£ÎÝ¼ÅÆC±•ÊJ¾É²Ç¼
¾�²½¸�øXÈÒ®$ÌÉ±�¼
°

ã

Ä÷Ó�ËXº$±�ÈUÁÂ²½¸U®$¸J¾�ÁÂ®�Í5A%ó¯µ ®$°O¼8¾J²½Æ�¶
ÊÉÆ�Æ�¼T¾

²½¸�±�ÈJ²ÇÆAÆO¼
¶4±•²Çº$¸;Ó

Z•²½¸�A%ó¯µ ¶)®{ÌÉ±•ÊJ°O¼
ÆÜ±•ÈÉ¼6¼
®$°�´xËûÌJ°OºÀÌÒ®$¿À®{±•²½ºÀ¸ûÌJÈJ¼T¸JºÀÁ¬¼
¸Ò®_²Ç¸u®^ÌÒ®{°O±•²Ç®$´Ç´xË2®$¶o�

·¹¸Jº�»5´Ç¼T¾J¿À¼T¾F¾Ò®{±�®6ÌÒ®{±�È;Ùú»5ÈJ¼T°�¼)®{ÆÜÁ/®�ÍYA%ó¯µ˜¾Éº`¼TÆ9¸Jº$±n®$´Ç´½º�»¡®$¸�Ë2¼)®$°O´½Ë_ÌJ°OºÀÌÒ®¾�

¿�®�±•²Çº$¸;Ó9Þb¸_Î£º$±•È_Á¬²Ç¸_®$¸J¾_ÁÂ®�ÍNA%ó¯µ�ÙM±b»Xº6Î£ºÀÊJ¸J¾JÆZ¼÷ÍÉ²½ÆO±ÅÑ�ºÀ°8±�ÈJ¼¬®$°�°O²½Ð{®$´}±•²½ÁÂ¼TÆi�

±�ÈJ¼Â´½º�»X¼T°SÎ£ºÀÊJ¸É¾;Ù�»5ÈÉ²Ç¶�È«²½ÆÅ±•ÈJ¼¬¼)®$°O´Ç²½¼
ÆO±Å±�²ÇÁ¬¼n±•ÈÒ®�±9®U±•°�®$¸JÆO²½±•²½ºÀ¸_²ÇÆZÌJ°OºÀÌÒ®$¿�®�±•¼
¾

±�ºU®/ÌJ´Ç®$¶
¼{ÙM®$¸É¾–±•ÈJ¼�ÊJÌJÌ£¼
°8Î£ºÀÊJ¸J¾MÙÝ»5ÈJ²½¶�È^²ÇÆ"±�ÈJ¼9´Ç®{±•¼TÆO±-ºÀ¸J¼$Ó@X}º�»Ï¼
°Å®{¸J¾–ÊJÌJÌ£¼
°

Î£ºÀÊJ¸J¾ÉÆÅº$ÑÏ®$°�°O²½Ð{®$´}±•²ÇÁ¬¼
Æ-®$°�¼9¶)®$´½¶
ÊJ´Ç®{±•¼T¾^²Ç¸–ÆO¼
¶T±�²ÇºÀ¸ÉÆ	¹`Ód¹%Ó½õá®$¸É¾N¹`Ód¹%Ód�`ÙMÊJÆ�²½¸J¿Ž±•ÈJ¼

¸Jº{±�®{±�²ÇºÀ¸JÆX²Ç¸�±•°Oº`¾JÊÉ¶
¼
¾6Î£¼
´Çº�»j»5²½±�È•®á°�¼4Ñ�¼
°O¼
¸J¶T¼S±�ºÂ×¯²Ç¿ÀÊJ°O¼%¹`ÓxõÀÓ

Þb¸/Á¬²Ç¸ A`ó�µ9Ù¹±•ÈJ¼à´Çº�»Ï¼
°Ï®$¸J¾ÂÊJÌJÌ£¼
°ÖÎÝºÀÊÉ¸J¾JÆXº{Ñ

i
`ÿÆX®{°�°�²xÐ{®$´J±•²½ÁÂ¼5®{±Ö±•ÈÉ¼"ºÀÊ`±•ÌJÊÉ±

º$Ñ

ci
®$°O¼¬¾É¼
¸Jº$±�¼
¾2Î¹Ë

min
Ú

lb(ci )
®$¸É¾

min
Ú

ub(ci )
Ù�°�¼
ÆOÌÝ¼T¶T±�²½ÐÀ¼T´½Ë$ÓUóAÈJ¼/®{°�°�²xÐ{®$´

±�²ÇÁ¬¼
Æ�¶
®$¸ÂÎ£¼>±•ÈÉºÀÆ�¼5º$Ñ

i
`ÿÆL°�²ÇÆO²Ç¸J¿8±�°•®$¸ÉÆ�²½±�²ÇºÀ¸MÙ

min
Ú

lb(ci " )
®$¸J¾

min
Ú

ub(ci " )
Ù�²½¸

®ÂÐ{®$´½²Ç¾•¾Ò®{±�®Â¶TË%¶
´½¼$Ù;ºÀ°

i
`ÿÆ-Ñ�®$´½´Ç²Ç¸É¿¬±�°•®$¸JÆO²½±�²ÇºÀ¸;Ù

min
Ú

lb(ci #)
®{¸J¾

min
Ú

ub(ci #)
Ù

�

¹



²½¸•®Ü¸¹ÊJ´½´;¶TË%¶
´½¼$Ó

óAÈJ¼Å´½ºý»Ï¼
°5®{¸J¾�ÊJÌJÌ£¼
°AÎ£ºÀÊJ¸J¾JÆAº{Ñ

k
` Æ5®{°�°�²xÐ{®$´£±�²ÇÁ¬¼8®{±X±•ÈJ¼Å²½¸JÌJÊÉ±Aº{Ñ

ci
®$°O¼Å¾J¼o�

¸Jº{±•¼
¾ÂÎ�Ë

min
Ú

lb(k; ci )
®$¸J¾

min
Ú

ub(k; ci )
Ù`°O¼
Æ�Ì£¼
¶4±•²xÐÀ¼
´xËÀÓLÞb¸Ž®SÆ�²½ÁÂ²½´³®$°úÑ�®{Æ�ÈJ²½ºÀ¸;Ù

±�ÈJ¼TË6®$°O¼ÅÑ�ÊJ°O±�ÈJ¼
°5¾J²xÐ`²½¾J¼
¾�±•º

min
Ú

lb(k " ; ci )
®$¸J¾

min
Ú

ub(k " ; ci )
²Ç¸U±•ÈÉ¼ZÐ{®$´½²Ç¾

¾Ò®�±�®Ü¶TË%¶
´½¼$Ùþ®$¸É¾

min
Ú

lb(k #; ci )
®{¸J¾

min
Ú

ub(k #; ci )
²Ç¸6®Ü¸¹ÊJ´Ç´‘¶4Ë`¶T´Ç¼{Ó

óAÈJ¼S´Çº�»Ï¼
°à®$¸J¾�ÊJÌJÌ£¼
°àÎ£ºÀÊJ¸J¾JÆ5º$Ñ�±•ÈÉ¼SÌÉ°�ºÀÌÒ®{¿�®{±•²½ºÀ¸U¾J¼T´³®)Ë%ÆàÑ�°OºÀÁ

ci
`ÿÆ5²Ç¸JÌJÊ`±

k
±�º/ºÀÊÉ±�ÌJÊÉ±

i
®$°O¼9¾J¼T¸Jº$±•¼T¾–Î�ËY�•<ã��€/•

k;ci

Ù£»5ÈÉ²Ç¶�È^²ÇÆ5±•ÈÉ¼9Á¬²Ç¸J²½ÁnÊJÁ˜­LÔ“Ñ�°OºÀÁ

k
±�º

i
º�ÐÀ¼T°-®$´½´;Ì£ºÀÆ�ÆO²ÇÎJ´½¼8Ð$®{´ÇÊJ¼TÆàº{Ñ¯±�ÈJ¼�ÆOÊJÎ���Ð$®{°�²³®{ÎJ´Ç¼TÆ

kx ®{¸J¾

i x Ùþ®{¸J¾��-x‚{ƒ€/•

k;ci

ÙJ±•ÈJ¼

ÁÂ®�Í`²ÇÁnÊÉÁQ­LÔ º�ÐÀ¼
°S®$´½´úÌ£ºÀÆ�ÆO²ÇÎJ´½¼nÐ{®$´ÇÊJ¼TÆ
ÓÜ×ÒÊJ°C±•ÈJ¼T°o�.�•<ã��€/•

k;ci

Ãp�-x‚{ƒ€/•

k;ci

Ä-¶)®{¸

Î£¼Z¾J²½Ð%²Ç¾É¼
¾6²Ç¸�±•ºÜ±•ÈÉ¼�°O²ÇÆ�²½¸J¿¬­LÔ-Æ"º{Ñ
�•<ã��€/•

k;ci "
Ãp�-x‚{ƒ€/•

k;ci "
ÄA²½¸'®ÜÐ{®$´Ç²½¾U¾Ò®{±•®

¶4Ë`¶T´Ç¼S®$¸J¾�±•ÈÉ¼8Ñ�®$´Ç´½²Ç¸J¿Ü­LÔ-Æàº$ÑÊ�•<ã��€/•

k;ci #
Ãp�-x‚{ƒ€/•

k;ci #
ÄX²Ç¸6®Ü¸%ÊÉ´Ç´‘¶TË%¶T´Ç¼$Ó

óAÈJ¼5´Çº�»Ï¼
°L®$¸É¾¬ÊÉÌJÌÝ¼T°LÎÝºÀÊÉ¸J¾JÆ<º$Ñ¦��²Ç°O¼AÔ-¼
´Ç®)Ë`Æ"Ãã�jÔ-Æ�ÄúÑ�°�º$Á‡±•ÈÉ¼AºÀÊÉ±•ÌÉÊÉ±Lº$Ñ

ck

±�º9±•ÈJ¼"²Ç¸JÌÉÊÉ±>º$Ñ

ci
®$°O¼-¾J¼T¸Jº$±�¼
¾UÎ�Ë

min
Ú

Dck ;ci

Ù%»5ÈJ²½¶�ÈU¶)®$¸UÎ£¼-¼T²½±�ÈJ¼
°Ö±•ÈJ¼8°O²ÇÆO²Ç¸J¿

�jÔjº$Ñ

min
Ú

Dck ;ci "
²Ç¸Â®ZÐ{®$´½²Ç¾á¾Ò®{±•®S¶4Ë`¶T´Ç¼àºÀ°<Ñ�®$´Ç´½²Ç¸J¿@�jÔjº$Ñ

min
Ú

Dck ;ci #
²Ç¸Â®

¸¹ÊJ´½´$¶TË%¶T´Ç¼$Ù{®$¸J¾

max
Ú

Dck ;ci

Ùý»5ÈÉ²Ç¶�ÈZ¶)®$¸ZÎ£¼<¼
²x±•ÈJ¼T°

max
Ú

Dck ;ci "
º$°

max
Ú

Dck ;ci #
Ó

×ÒºÀ°}Á/®ýÍvA`ó�µ9Ù

min
²Ç¸Z±•ÈJ¼Ï¸Jº$±�®�±•²Çº$¸JÆ}º$ÑÒ®$°O°�²xÐ$®{´$±•²½ÁÂ¼TÆ�º{ÑJÁ¬²Ç¸�A`ó¯µ ²ÇÆ}°O¼
ÌJ´Ç®$¶
¼T¾

»5²x±•È

max
ÙM®$¸J¾6±•ÈJ¼�¸Jº$±�®�±•²Çº$¸JÆ5º$ÑL­LÔ-ÆÅ®$¸É¾z�jÔ-Æ8°O¼
ÁÂ®$²Ç¸�±•ÈÉ¼9Æ•®{ÁÂ¼�®$Æ5±•ÈJºÀÆO¼9²½¸

±�ÈJ¼ZÁÂ²½¸?A`ó¯µ�Ó

7
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ÌL®$°O´½ËnÌÉ°�ºÀÌÒ®{¿�®{±•²½ºÀ¸Ü¶)®{ÌÉ±•ÊJ°O¼
¾¬Î�ËáÁÂ²½¸aA`ó¯µ�²½Æ<¾J²ÇÆO¶
ÊJÆOÆ�¼
¾/²Ç¸Ü±b»XºSÆ�¶T¼
¸Ò®{°�²Çº$Æ
Ó�Þb¸á±•ÈJ¼

ßÒ°OÆO±¯Æ�¶T¼
¸Ò®$°O²ÇºJÙ{¸Jº-²½¸JÌJÊÉ±�²½Æ¯ÌÒ®{°O±•²Ç®$´Ç´xË8®{¶�·%¸Éºý»5´½¼
¾J¿$¼
¾nÎ�Ë

ci
` Æ¯ºÀÊÉ±�ÌJÊÉ±¯²Ç¸�®àÐ{®$´Ç²½¾Z¾Ò®{±�®

ºÀ°"¸¹ÊJ´Ç´}¶TË%¶T´Ç¼$Ù;®$¸J¾^®Â±�°•®$¸ÉÆ�²½±�²ÇºÀ¸6º$ÑL¼4ÐÀ¼
°CË–²½¸JÌJÊÉ±"²ÇÆ-®$Æ�ÆOÊJÁÂ¼T¾–±•ºŽÎ£¼n®{ÎJ´Ç¼Z±•ºŽ¼
®$°�´xË

�$ã



ÌJ°OºÀÌÒ®$¿À®{±•¼5±•º9®$¸/ºÀÊ`±•ÌJÊÉ±XºÀ¸J¼{ÓP��²½±•È¬±•ÈJ²½ÆÏ²½¾J¼)®`Ù

min
Ú

lb(ci " )
®$¸J¾

min
Ú

ub(ci " )
®$°O¼Å¶)®$´½¶
ÊJ´Ç®{±•¼T¾�Î¹ËŽ¼4Í`ÌJ°�¼TÆ�ÆO²ÇºÀ¸JÆ@¹`Ó

â

®{¸J¾z¹`Ó43ÉÓ

min
Ú

lb(ci " ) = M in 8k2 D ir ectF anin (ci )(min
Ú

lb(k " ; ci ) + min
Ú

dk;ci " )
Ã]¹%Ó

â

Ä

min
Ú

ub(ci " ) = M in 8k2 D ir ectF anin (ci )(min
Ú

ub(k " ; ci )+ max
Ú

dk;ci " )
Ã]¹%Ó43¹Ä

Þb¸Â®$¾J¾J²x±•²Çº$¸;Ù

min
Ú

lb(k " ; ci )
®$¸É¾

min
Ú

ub(k " ; ci )
®{°�¼A¶
º$ÁÂÌJÊ`±•¼
¾Â®$¶T¶
ºÀ°O¾J²Ç¸J¿

±�º¬¼÷Í`ÌJ°�¼TÆ�Æ�²½ºÀ¸JÆ)¹`Ó-¹á®{¸J¾…¹%Ó

ã

Ù`»5ÈJ¼
°O¼

k
²ÇÆA¾É°�²½Ð$¼
¸6Î�Ë

ck
Ó

min
Ú

lb(k " ; ci ) = min
Ú

lb(ck " ) + min
Ú

Dck ;ci "
Ó Ã]¹%Ód¹ÀÄ

min
Ú

ub(k " ; ci ) = min
Ú

ub(ck " ) + max
Ú

Dck ;ci "
Ó Ã]¹%Ó

ã

Ä

Þb¸•±�ÈJ¼9ÆO¼
¶TºÀ¸J¾–ÆO¶
¼
¸J®$°�²½ºÂ»5ÈJ¼T°�¼9ÆOºÀÁ¬¼�²½¸JÌJÊÉ±�Æ-®$°O¼�ÌJ®$°O±�²³®$´½´½Ë/®$¶�·¹¸Jº�»5´Ç¼
¾É¿À¼
¾^Î�Ë

ci
`ÿÆÜºÀÊÉ±�ÌJÊÉ±á²Ç¸u®–Ð{®$´½²Ç¾û¾Ò®�±�® Ã�¸¹ÊJ´½´ÚÄS¶4Ë%¶
´Ç¼{ÙX®{¸ º$ÊÉ±•ÌJÊ`±Ü±•°•®{¸JÆ�²x±•²Çº$¸«»>®{²½±•ÆnÑ�º$°9±•ÈJ¼

´Ç®$ÆO±8±�°•®$¸ÉÆ�²½±�²ÇºÀ¸'º$ÑL±•ÈJ¼Ü²½¸JÌJÊÉ±8±�ÈÒ®{±Z²½Æ8ÌÒ®$°C±•²³®{´Ç´½Ë6®{¶�·%¸Éºý»5´½¼
¾J¿$¼
¾s²Ç¸–±•ÈJ®{±Z¶TË%¶
´½¼$Ó�Þb¸

±�ÈJ²ÇÆ>¶
®$Æ�¼{ÙÒ¼)®$°O´½ËÂÌJ°�º$ÌÒ®$¿�®{±�²ÇºÀ¸/²ÇÆ>ÆC±•²Ç´½´ÝÌ£ºÀÆOÆ�²ÇÎÉ´Ç¼8ÎJÊ`±5ºÀ¸J´½Ë¬Ñ�ºÀ°A®ÜÌÒ®{°O±•²Ç®$´Ç´xËá®$¶�·¹¸Jº�»5´��

¼T¾J¿À¼
¾F²½¸JÌJÊÉ±9»5ÈJ²Ç¶�ÈF´½¼)®$¾JÆ�±•º–±•ÈÉ¼/±•ÈJ¼/Á/®�Í`²½ÁnÊJÁ©ºÀÊÉ±�ÌJÊÉ±á®$°O°�²xÐ$®{´L±�²ÇÁ¬¼Â»5ÈJ¼T¸u²½±

²½Æn®$ÆOÆ�ÊJÁ¬¼
¾û±�º–ÎÝ¼¬±•ÈJ¼/¾JºÀÁ¬²Ç¸Ò®{±�²Ç¸J¿6²Ç¸ÉÌJÊÉ±)Ó–ø>®$´Ç¶TÊJ´³®�±•²Çº$¸JÆ�º{Ñ

min
Ú

lb(ci " )
®$¸É¾

min
Ú

ub(ci " )
²½¸œ±•ÈJ²½ÆUÆ�¶
¼T¸Ò®$°O²Çº ®$°�¼_®{¶
¶
º$°�¾J²½¸J¿F±•ºu¼4Í`ÌJ°O¼
Æ�ÆO²ÇºÀ¸ÉÆ…¹`Ó

â

`X®$¸J¾ ¹`Ó43D`½Ù

»5ÈJ¼T°�¼
®$Æ

min
Ú

lb(k " ; ci )
®$¸J¾

min
Ú

ub(k " ; ci )
®$°O¼Z±�ÈJ¼ZÆ•®$Á¬¼8±•ºÁ¹`Ó-¹Ü®$¸J¾[¹`Ó

ã

Ó

min
Ú

lb(ci " ) = M axk (min
Ú

lb(k " ; ci ) + min
Ú

dk;ci " )
Ó Ãµ¹`Ó

â

` Ä

min
Ú

ub(ci " ) = M axk (min
Ú

ub(k " ; ci ) + max
Ú

dk;ci " )
Ó Ãµ¹`Ó 3,` Ä

Þb¸?¹`Ó

â

``®$¸J¾?¹`Ó 3,`xÙ

k 2 Dir ectFanin(ci )
®$¸J¾

k
²½ÆXÌÒ®{°O±•²Ç®$´Ç´xËá®$¶�·¹¸Jº�»5´Ç¼T¾J¿À¼T¾6Î�Ë

i
Ñ�ºÀ°>±�ÈJ¼Z°�²ÇÆO²Ç¸J¿ÜÌÉÈÒ®$Æ�¼{Ó

µ-°O°�²xÐ$®{´`±•²½ÁÂ¼TÆ�²Ç¸á®8¸¹ÊJ´½´J¶TË%¶T´Ç¼AÊJÆO²Ç¸J¿ÅÁ¬²Ç¸aA`ó�µœ¶)®{¸¬Î£¼5®$¸Ò®{´½Ë%Æ�¼T¾á±b»ÏºZÆ�¶T¼
¸Ò®$°O²ÇºÀÆ

ÆO²ÇÁ¬²Ç´³®{°X±•º¬±•ÈJºÀÆO¼9²½¸•±•ÈÉ¼�Ð{®$´Ç²½¾•¾J®{±�®¬¶TË%¶
´½¼$Ù;®{¸J¾•±�ÈJ¼9¶
®$´Ç¶TÊJ´³®{±�²ÇºÀ¸UÑ�ºÀ°OÁnÊJ´Ç®¬²½¸'¼)®{¶�È

º$ÑÖ±•ÈÉ¼ÜÆ�¶
¼T¸Ò®$°O²Çº�°�¼TÌJ´³®$¶T¼
Æ

"
»5²½±�È

#
²Ç¸–±�ÈJ¼á¶
ºÀ°O°�¼TÆ�Ì£ºÀ¸J¾J²½¸J¿�Æ�¶
¼T¸Ò®$°O²Çº�²Ç¸^±•ÈÉ¼nÐ$®{´Ç²Ç¾

���



¾Ò®�±�®Ü¶TË%¶
´½¼$Ó

7
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Þb¸�ÁÂ®�Í2A`ó�µ9ÙA¸Éº ²½¸JÌJÊÉ±U±�°•®$¸ÉÆ�²½±�²ÇºÀ¸œ²½Æ�®$´Ç´½º�»X¼T¾ž±•ºuÎÝ¼_¼
®$°�´xËžÌJ°OºÀÌÒ®$¿�®�±•¼
¾MÙ8®$¸J¾

±�ÈJ¼_ºÀÊÉ±•ÌÉÊÉ±�±•°•®{¸JÆ�²x±•²Çº$¸ž»>®$²x±•ÆUÑ�ºÀ°Ž±�ÈJ¼^±•°•®{¸JÆ�²x±•²Çº$¸JÆUº$Ñ9®$´Ç´-±�ÈJ¼_²Ç¸JÌÉÊÉ±•ÆTÓôóAÈÉ²ÇÆ�²ÇÆ

±�ÈJ¼9®{Æ�Æ�ÊÉÁÂÌÉ±�²ÇºÀ¸�Ñ�ºÀ°à¶)®$´½¶
ÊJ´Ç®{±•²½ºÀ¸JÆ.¹`Ó

�

®$¸J¾W¹%Ó

/

Ùþ°O¼
¿�®$°O¾J´Ç¼TÆ�Æ"º$Ñ<­£µ“ÌÒ®{±O±•¼T°�¸JÆàº$ÑL®$¸

®$ÆCË%¸J¶�ÈJ°�º$¸JºÀÊJÆà¾Ò®{±•®áÌJ®{±•ÈJÆTÓ

max
Ú

lb(ci " ) = M ax8k (max
Ú

lb(k " ; ci ) + min
Ú

dk;ci " )
Ó Ã]¹%Ó

�

Ä

max
Ú

ub(ci " ) = M ax8k (max
Ú

ub(k " ; ci ) + max
Ú

dk;ci " )
Ó Ã]¹%Ó

/

Ä

Þb¸6¼4Í`ÌJ°�¼TÆ�ÆO²ÇºÀ¸JÆ)¹`Ó

�

®$¸J¾[¹`Ó

/

Ù

k 2 Dir ectFanin(ci )
Ó

Þb¸^®$¾É¾J²½±�²ÇºÀ¸;Ù

max
Ú

lb(k " ; ci )
®$¸É¾

max
Ú

ub(k " ; ci )
®$°O¼9¶)®{´Ç¶
ÊÉ´³®{±�¼
¾–®{¶
¶
º$°�¾��

²½¸J¿n±•º¬¼4Í`ÌJ°O¼
Æ�ÆO²ÇºÀ¸[¹`Ó

E

®$¸J¾[¹`Ó½õ)öÉÙJ°�¼TÆ�Ì£¼
¶4±•²½Ð$¼
´xËÀÙÒ»5ÈJ¼
°O¼

k
²½ÆA¾J°�²xÐÀ¼T¸•Î�Ë

ck
Ó

max
Ú

lb(k " ; ci ) = max
Ú

lb(ck " ) + min
Ú

Dck ;ci "
Ó Ã]¹%Ó

E

Ä

max
Ú

ub(k " ; ci ) = max
Ú

ub(ck " ) + max
Ú

Dck ;ci "
Ó Ã]¹`Óxõ�ö�Ä

×ÒºÀ°-±�ÈJ¼á¸%ÊÉ´Ç´�¶4Ë`¶T´Ç¼{Ù�¶
®$´Ç¶TÊJ´³®�±•²Çº$¸JÆ-º$ÑÖ±•ÈÉ¼Â®{°�°�²xÐ{®$´�±�²ÇÁ¬¼
Æ8»5²½´Ç´úÎ£¼á®$¸Ò®{´ÇºÀ¿Àº$ÊJÆ-±•º

±�ÈJºÀÆ�¼Å²½¸?¹`Ó

�

�K¹`Óxõ�ö9²xÑ‘±•ÈJ¼T°�¼Å¼÷ÍÉ²½ÆO±5¸Jºá²½¸JÌJÊÉ±�Æ>ÎÝ¼T²Ç¸J¿ÜÌJ®$°O±�²³®$´½´½Ë¬®$¶�·¹¸Jº�»5´Ç¼T¾J¿À¼T¾•Î�Ë

c0
i

Æ

ºÀÊ`±•ÌJÊÉ±"Ñ�ºÀ°5±•ÈJ¼9Ñ�®{´Ç´Ç²½¸J¿ÜÌJÈÒ®{Æ�¼
ÆTÓ




¸'±•ÈÉ¼nº$±•ÈÉ¼
°-ÈJ®$¸J¾;ÙÝ²½Ñú±�ÈJ¼
°O¼n¼4Í`²½ÆO±Å®�±8´Ç¼
®$ÆO±"ºÀ¸J¼

²½¸JÌJÊÉ±�±•ÈÒ®{±9²ÇÆ�ÌÒ®$°O±�²³®$´½´½Ë_®{¶�·%¸Éºý»5´½¼
¾J¿$¼
¾FÑ�ºÀ°9±�ÈJ¼/Ñ�®$´½´Ç²Ç¸É¿6ÌÉÈÒ®$Æ�¼{Ù<±•ÈJ¼Ž¶
®$´Ç¶TÊJ´³®�±•²Çº$¸JÆ

º$Ñ<±�ÈJ¼Ü®$°O°�²xÐ$®{´}±�²ÇÁ¬¼
Æ"®$°�¼n®$¶
¶TºÀ°�¾J²½¸J¿Â±�ºU¼4Í`ÌJ°O¼
Æ�ÆO²ÇºÀ¸ÉÆ	¹`Ó

ã

`M®$¸É¾ ¹`Ó

�

`½ÙÝÎÝ¼T¶)®$ÊÉÆ�¼ÜºÀ¸J´xË

²½¸JÌJÊÉ±�Æú±•ÈÒ®�±<®$°O¼>ÌÒ®$°C±•²³®{´Ç´½ËS®{¶�·%¸Éºý»5´½¼
¾J¿$¼
¾ÜÑ�ºÀ°¯±�ÈJ¼>Ñ�®$´½´Ç²Ç¸É¿àÌÉÈÒ®$Æ�¼TÆL¶
ºÀ¸�±•°OºÀ´`±�ÈJ¼A­�í)�

¾JÊÉ¼Z±�ºÜ±•ÈJ¼ZÆOË%¸�±•ÈÉ¼
Æ�²½Æ-ÌJ°Oº`¶T¼
¾JÊÉ°�¼
Æ5º$Ñ�Ô@Cà×1Z•Æ
Ó

max
Ú

lb(ci #) = M axk (max
Ú

lb(k #; ci ) + min
Ú

dk;ci #)
Ó Ãµ¹`Ó

�

` Ä

max
Ú

ub(ci #) = M axk (max
Ú

ub(k #; ci ) + max
Ú

dk;ci #)
Ó Ãµ¹`Ó

/

` Ä

�Š/



Þb¸?¹`Ó

�

``®$¸J¾?¹`Ó

/

`xÙ

k 2 Dir ectFanin(ci )
®$¸J¾

k
²½ÆXÌÒ®{°O±•²Ç®$´Ç´xËá®$¶�·¹¸Jº�»5´Ç¼T¾J¿À¼T¾6Î�Ë

i
Ñ�ºÀ°>±�ÈJ¼ÅÑ�®$´Ç´½²Ç¸J¿�ÌJÈÒ®$ÆO¼$Ó

z|{�xŠ�)�¦â ç‡=@?�ˆûø>®{´Ç¶
ÊÉ´³®{±�¼SÆO²Ç¿À¸J®$´}®$°�°O²½Ð{®$´;±�²ÇÁ¬¼
Æ5²Ç¸�±•ÈJ¼ZÐ{®$´Ç²½¾•¾J®{±�®á¶TË%¶
´½¼9º$Ñ¯±•ÈJ¼

¾Ò®�±�®^ÌÒ®{±�Èª²½¸ª×¯²Ç¿ÀÊJ°O¼5¹`Ó-�–Î¹ËuÎ£º$±�È Á¬²Ç¸ ®$¸É¾ ÁÂ®�Í�A`ó¯µ�ÓLóAÈJ¼�ÌJ°�²½Á/®$°CËû²½¸JÌJÊÉ±�Æ
Ù

f a;b;cg
Ù�ÈÒ®)Ð$¼8®$°O°�²½Ð{®$´%±•²½ÁÂ¼TÆÖº{Ñ;öÉÙ%®$¸É¾¬±�ÈJ¼5´Çº�»X¼T°X®{¸J¾ÂÊÉÌJÌÝ¼T°LÎÝºÀÊÉ¸J¾JÆÖº$Ñ �jÔ"Æ>®$°O¼

min
Ú

D ‘

õS®$¸J¾

max
Ú

D ‘

�`Ó

×ú²½°�ÆO±
Ù�±�ÈJ¼/´½º�»X¼T°n®$¸J¾«ÊJÌJÌ£¼
°9Î£ºÀÊJ¸É¾JÆ9º$ÑA­ÖÔ"ÆÜ®$°�¼¬¼
ÆC±•²½Á/®{±�¼
¾2Î¹Ë_±�ÈJ¼/°O¼
Æ�ÊÉ´½±•Æ

Ñ�°OºÀÁ ÌúÍÉ®$Á¬ÌJ´Ç¼@3ÉÓ

â

Ó-�`ÙÉ»5ÈÉ¼
°�¼Z¼T´Ç¼
¶4±•°O²Ç¶)®{´M¼TÕÝºÀ°C±•ÆA²ÇÆAÆO²ÇÁ¬ÌJ´½ËÂ¶)®{´Ç¶
ÊÉ´³®{±�¼
¾�®$Æ>±�ÈJ¼Å°•®{±�²Çº

º$ÑÏÑ�®$¸��!ºÀÊÉ±�®$¸J¾sÑ�®$¸��b²½¸_¸%ÊÉÁnÎÝ¼T°�ÆTÓ�×þº$°S¼÷ÍÉ®$ÁÂÌÉ´Ç¼$Ù}±•ÈÉ¼Ž­LÔ-Æ�Ñ�°OºÀÁš²½¸JÌJÊÉ±

a
±•º�±•ÈÉ¼

ºÀÊ`±•ÌJÊÉ±8º$Ñ

cd
Ù

da;cd

Ù;¶TºÀÊJ´Ç¾^Î£¼ÜºÀ¸J¼9º$Ñ

da1 ;c1
d

Ù

da1 ;c0
d

Ù‘®{¸J¾

da0 ;c0
d

ÙM»5ÈJ²½¶�È_ÈÒ®)ÐÀ¼Ü±•ÈJ¼
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ÌÒ®�±•ÈF²Ç¸2¼4ÍÉ®$Á¬ÌJ´Ç¼&¹`Ód�6²Ç¸«±�ÈJ¼/Ð{®$´Ç²½¾«¾Ò®�±�®'¶4Ë`¶T´Ç¼U®{°�¼

(b;d;g)
»5²x±•Èû±�ÈJ¼Ž¾J¼T´³®)Ë%Ænº$Ñ

õ

â

Ó

â

®{¸J¾��$öÉÙM°O¼
ÆOÌÝ¼T¶T±•²xÐÀ¼T´½ËÀÓ�µ-¸Ò®{´½Ë%Æ�¼n²xÑ

lmin
®$¸J¾

lmax
ÎÝ¼T´ÇºÀ¸J¿Â±•ºŽÑ�®$´½Æ�¼nÌÒ®�±•ÈJÆÅÎ�Ë

±�ÈJ¼ZÆ�¼
¸ÉÆ�²½±�²ÇÆ�®{±•²½ºÀ¸U¶
°O²½±•¼T°�²½ºÀ¸?¹`Ó-¹`Ó

×ÒºÀ°

lmin
±•ºuÎ£¼_®û±•°�ÊÉ¼sÌJ®{±•È;Ù

db;cd

Æ�ÈÉºÀÊJ´Ç¾�Î£¼

min
Ú

db;cd

Ù"»5ÈJ²½¶�È °O¼
Û¹ÊJ²½°�¼
Æ

±�ÈÒ®{±

b1 ®$¸J¾

d1 ®{°�¼�®$Æ�ÆO¼
°O±�¼
¾^²½¸–®¬Ð{®$´½²Ç¾�¾Ò®{±•®Â¶4Ë`¶T´Ç¼{Ù;®$¶T¶
ºÀ°O¾J²Ç¸J¿¬±•º¬±•ÈJ¼S°�¼TÆ�ÊJ´x±•Æ-º{Ñ

ÌúÍÉ®$Á¬ÌJ´Ç¼
3ÉÓ

â

Ó-�`Ó¯Þb¸á®$¾J¾J²x±•²Çº$¸;Ù

dd;cg

ÆOÈJºÀÊJ´½¾áÎÝ¼

min
Ú

dd;cg

ÙÀ»5ÈÉ²Ç¶�Èá°�¼TÛ%ÊÉ²Ç°�¼TÆ�±•ÈÒ®�±

d0

®$¸É¾

g0 ®$°�¼S®$ÆOÆ�¼T°O±•¼T¾'²½¸•®ÜÐ{®$´Ç²½¾U¾Ò®{±•®á¶4Ë%¶
´Ç¼{ÓÏµA¶T¶
ºÀ°O¾J²Ç¸É¿á±�º¬±�ÈJ¼SÔ@CR¼
¸É¶
º%¾J²Ç¸J¿ÉÙ

d0

®$¸É¾

d1 ¶)®{¸J¸Jº$±úÎÝ¼Ï®$Æ�ÆO¼
°C±•¼
¾Ü²½¸9ºÀ¸É¼ÏÐ{®$´Ç²½¾Z¾Ò®{±�®à¶TË%¶
´½¼$Ó�óAÈÉ¼
°�¼4Ñ�ºÀ°�¼{Ù$±•ÈÉ¼XÆ�¼T¸JÆ�²x±•²½Æ•®{±�²ÇºÀ¸

¶T°�²½±�¼
°O²ÇºÀ¸N¹`Ó-¹Ž¶)®$¸É¸Jº$±ZÎ£¼¬Æ�®{±•²½ÆOßÒ¼T¾«®{¸J¾

lmin
²ÇÆZ®ŽÑ�®$´ÇÆO¼ÜÌÒ®{±�È;ÓÜóAÈJ²ÇÆÅÑ�®$´½Æ�¼ÜÌÒ®�±•È_²ÇÆ

ÁÂ®$°�·{¼
¾6ºÀÊÉ±5Î�ËU¾Ò®{Æ�È6²Ç¸6×ú²Ç¿$ÊJ°�¼	¹`Ó

â

ÙÒ®{Æ5»Ï¼
´½´‘®$ÆA±•ÈÉ¼S²½¸J¶
º$¸JÆ�²½ÆO±•¼T¸�±"ÆO²Ç¿À¸J®$´MÐ{®$´ÇÊÉ¼
Æ
Ó

/Àâ



a

b

c

C
d(0,1)

C
e

C
f

h

d

f

e

Cg

C
h

a'

Ca'

g

×ú²Ç¿ÀÊÉ°�¼%¹`Ó

â

�L×þ®$´½Æ�¼ÅÌÒ®{±�È�¼4ÍÉ®$Á¬ÌJ´Ç¼8»5ÈJ¼T¸'ÊJÆO²Ç¸J¿áÁ¬²Ç¸?A`ó�µ

×ÒºÀ°

lmax
±•ºSÎÝ¼"®Z±�°�ÊJ¼àÌÒ®{±�È;Ù

db;cd

Æ�ÈJº$ÊJ´Ç¾¬ÎÝ¼

max
Ú

db;cd

Ù¹»5ÈJ²Ç¶�ÈÂ°�¼TÛ%ÊÉ²Ç°�¼TÆÖ±�ÈÒ®{±

b1 ®$¸J¾

d0 ®{°�¼Z®$ÆOÆ�¼
°C±•¼T¾'²Ç¸�®nÐ{®$´½²Ç¾Ž¾Ò®�±�®Ü¶TË%¶
´½¼$Ó<óAÈJ²½Æ5²ÇÁ¬ÌJ´Ç²½¼
ÆL±•ÈÒ®{±

a0 ®$¸J¾

a01 ®$°�¼

®$´½Æ�ºÅ®{Æ�Æ�¼T°O±�¼
¾á²Ç¸9±�ÈJ¼XÐ{®$´½²Ç¾9¾J®{±�®8¶4Ë`¶T´Ç¼{Ó<×ÒÊJ°O±�ÈJ¼
°OÁÂºÀ°O¼$Ù

dd;cg

Æ�ÈÉºÀÊJ´Ç¾ÜÎ£¼

max
Ú

dd;cg

Ù

»5ÈJ²½¶�ÈŽ°�¼TÛ¹ÊJ²Ç°O¼
ÆÏ±�ÈÒ®{±

d0 ®$¸J¾

g1 ®$°O¼-®$ÆOÆ�¼T°O±•¼T¾U²Ç¸/®SÐ{®$´Ç²½¾á¾Ò®{±�®S¶TË%¶
´½¼$Ó<óAÈJ²½ÆÏ²½ÁÂÌÉ´Ç²Ç¼TÆ

±�ÈÒ®{±

e1 ®$¸J¾

c1 ®$°O¼8®$´½Æ�º9®$Æ�ÆO¼
°O±�¼
¾U²½¸¬±�ÈJ²ÇÆÖÐ$®{´Ç²Ç¾á¾Ò®�±�®9¶4Ë`¶T´Ç¼{ÓP��²½±•È¬±•ÈJ²½ÆÏ°O¼)®$ÆOºÀ¸J²½¸J¿JÙ

±�ÈJ¼
°O¼�¼÷ÍÉ²½ÆO±-®

v
º{Ñ

a = 0; b = 1
®$¸J¾

c = 1
Æ�ÊÉ¶�È'±•ÈÒ®�±8®$´½´‘ÌJ°�º$ÌÒ®$¿�®{±�²ÇºÀ¸�¾J¼T´³®)Ë%Æ"º{Ñ

±�ÈJ¼nÔ@Cà×1Z•Æ-ºÀ¸'±•ÈÉ¼_�-x‚{™‹oë�<ãèn<^‹RxŠâ���xŠèaŒ•±�®$·{¼9±•ÈÉ¼
²Ç°"ÊJÌJÌ£¼
°"ÎÝºÀÊÉ¸J¾^¾J¼
´Ç®)Ë`Æ-®$¸J¾_®$´½´

ÆO²Ç¿À¸Ò®{´£Ð{®$´½ÊJ¼
ÆA®{°�¼-¶TºÀ¸JÆO²ÇÆO±�¼
¸�±)ÓLÞb¸�®$¾É¾J²½±�²ÇºÀ¸;Ù¹»5²½±�È/±•ÈÉ²ÇÆ>²½¸JÌJÊÉ±ÏÐÀ¼
¶4±•ºÀ°TÙ

b
¾ÉºÀÁÂ²½¸Ò®{±�¼
Æ

cd
®$¸É¾

d
¾JºÀÁ¬²Ç¸Ò®�±•¼
Æ

cg
ÓLóAÈJ¼
°O¼TÑ�ºÀ°O¼$Ù

lmax
²ÇÆ5®n±�°�ÊJ¼ZÌÒ®{±�È;Ó

×Ò°�ºÀÁ˜±�ÈJ²ÇÆàÆ�ÁÂ®$´½´�¼÷ÍÉ®$ÁÂÌÉ´Ç¼$Ùþ²x±-¶
®$¸–Î£¼�ÆO¼
¼
¸–±�ÈÒ®{±"±•ÈJ¼3�“xŠâ

�

ç.��xŠèBŒ'®$¸Ò®$´xË%Æ�²ÇÆà¶)®{¸

Î£¼�®^¶
ºÀÁ¬ÌJ´Ç²½¶)®{±�¼
¾ûÌÉ°�ºÀÎJ´½¼
Á6Óû×ÒÊJ°C±•ÈJ¼T°�Á¬ºÀ°�¼{Ùš�“xŠâ

�

çv��xŠèaŒ ÌÉ°�ºÀÎJ´½¼
Á¬Æn²Ç¸�Ð$ºÀ´½Ð$¼UÆ�ÊJÎ��

±�´Ç¼T±bËÜ»5ÈÉ¼
°�¼"Ñ�ºÀ°Ï¼÷ÍÉ®$ÁÂÌÉ´Ç¼àÆO±�®�±•²Ç¶"®$¸J¾/¾ÉË%¸Ò®$Á¬²Ç¶àÆ�¼
¸ÉÆ�²½±�²ÇÆ�®{±•²½ºÀ¸¬±�¼
¶�ÈJ¸É²ÇÛ¹ÊJ¼
ÆA¶
®$¸Ž¿À²xÐÀ¼

¾J²xÕM¼T°�¼T¸¹±X®$¸Ò®{´½Ë%Æ�²½ÆÏ°O¼
Æ�ÊÉ´½±•ÆTÓL×ÒºÀ°Ö®S±•ÈÉºÀ°�ºÀÊÉ¿ÀÈ/¾J²½Æ�¶TÊJÆ�ÆO²ÇºÀ¸Žº$¸ÂÑ�®$´½Æ�¼àÌÒ®{±•ÈÉÆ
Ù%ÎÝº%ºÀ·5¼

âÀâ

½

²½ÆA°�¼
¶TºÀÁ¬ÁÂ¼T¸J¾J¼
¾MÓ

/

3



ºáån¿ ÀÁ>?• • x��ys

óAÈJ²½Æ"¶�ÈJ®$ÌÉ±•¼T°8¾J²½Æ�¶
ÊÉÆ�Æ�¼TÆ-±•ÈÉ¼9º�ÐÀ¼T°•®$´½´�¾J®{±�®/
Òº�»5Æ8º$ÑL®$¸'®$ÆOË%¸J¶�ÈÉ°�ºÀ¸Jº$ÊJÆ8¾Ò®{±•®ÂÌÒ®�±•È;Ó

Þb¸�
JÊJ¼
¸J¶T²Ç¸J¿_Ñ�®$¶4±•ºÀ°OÆ¬º$¸u±�ÈJ¼�¾Ò®{±•®›
Òº�»5ÆTÙXÆ�ÊÉ¶�Èž®$Æ¬­Ýµ ®$¸É¾ª´½ºÀ¿À²Ç¶¬Ñ�ÊJ¸J¶4±•²Çº$¸JÆ
ÙX®$°�¼

¶�ÈÒ®{°•®$¶4±•¼
°O²ÇÆO¼
¾–Î�Ë6±•ÈJ¼�¶
ºÀ¸J¶T¼
ÌÉ±-º$Ñ<¾Jº$ÁÂ²½¸Ò®{±•²½¸J¿á²Ç¸JÌÉÊÉ±•ÆTÓ"Ô"¼T±•¼T°�Á¬²Ç¸Ò®�±•²Çº$¸•¶T°�²½±�¼
°O²ÇºÀ¸

º$ÑÉ¾JºÀÁ¬²Ç¸Ò®�±•²Ç¸É¿A²Ç¸JÌJÊ`±•Æ¯®$°�¼Ö¾J¼TßJ¸J¼
¾;ÙÀ®$¸J¾�±�ÈJ¼X°O¼
´Ç®{±•²½ºÀ¸ZÎÝ¼4±b»X¼T¼
¸Ü¾JºÀÁ¬²Ç¸J®{±•²½¸J¿A²Ç¸JÌÉÊÉ±•Æ

®$¸É¾ ¼
®$°�´xËœÌJ°�º$ÌÒ®$¿�®{±�²ÇºÀ¸œ¾É²ÇÆ�¶TÊJÆ�ÆO¼
¾;Ócó�»Ïºª±�¼
¶�ÈJ¸J²½Û¹ÊJ¼
Æ'®$°�¼s¾J²ÇÆO¶
ÊJÆOÆ�¼T¾ ±•ºuÆO±�ÊJ¾ÉË

±�ÈJ¼ZÌÝ¼T°OÑ�ºÀ°OÁ/®$¸É¶
¼Åº$Ñú®$¸6®$ÆOË%¸J¶�ÈÉ°�ºÀ¸Jº$ÊJÆ-¾Ò®�±�®ÜÌÒ®{±�È*��±•ÈJ¼Z²½¸JÌJÊÉ±K�b¾J¼TÌÝ¼T¸J¾J¼
¸�±5±•²½ÁÂ²½¸J¿

ÆO²ÇÁnÊJ´Ç®{±•²½ºÀ¸F®$¸É¾ª±•ÈÉ¼•Á¬²Ç¸��!Á/®ýÍ�A`ó�µ9Ó���²½±�ÈªÁ¬²Ç¸•�bÁÂ®�Í�A%ó¯µ�ÙL±�ÈJ¼6¶
°�²x±•²½¶)®$´>ÌJ®{±•ÈJÆ

¶
®$¸‹Î£¼'¾J¼T°�²xÐÀ¼
¾MÓjÞb¸‹®$¾J¾J²x±•²½ºÀ¸;ÙL±•ÈJ¼•¾J¼T±�¼
°�Á¬²Ç¸J®{±•²½ºÀ¸u¶
°�²x±•¼T°�²³®_º$Ñ"Ñ�®$´ÇÆO¼•ÌÒ®�±•ÈJÆ/®$°�¼

²½¸¹±�°�º%¾JÊJ¶T¼
¾;Ó

/

¹



Â ƒ…„‡†Qˆ�‰‹Š œ

•ž+Q—¡ˆ•ƒš‰ž¤U•‘¤ „“—…• ™“†Qˆ••‘  •‘¤U„Øˆ6•;™§— ™ÆÅ

„‡¤-+Q—…”^ƒšŠ•™“—š™”Ç…¤ •…„Øˆ•„ †©„Øˆ6ƒ…¤ Ç…¤U•‘—šŸ

†©„VŠUˆ••‘„‡’ „‡”–• —š™ž› ’;‰‹•šŸ“‰‹  ‰‹— ˆ

óAÈJ²½Æ–¶�ÈÒ®$Ì`±•¼
°'¾J²ÇÆO¶
ÊJÆOÆ�¼
Æ^±�ÈJ¼ûÌJ°OºÀÎJ´Ç¼TÁ º$ÑáÆOË%¸�±•ÈJ¼TÆ�²½Æ�²Ç¸É¿ ®{¸J¾ØºÀÌÉ±�²ÇÁ¬²ÇÆ�²½¸J¿ ®$ÆOË%¸��

¶�ÈJ°OºÀ¸JºÀÊÉÆà¾J®{±�®ÜÌÒ®{±�ÈJÆ5ÊJÆ�²½¸J¿áÌÒ®$°C±•²³®{´;®$¶�·¹¸Jº�»5´Ç¼T¾J¿À¼TÁÂ¼T¸¹±
ÓÏóAÈÉ¼SÌÉ°�ºÀÎJ´½¼
Áù²ÇÆ>Ñ�ºÀ°OÁnÊ��

´Ç®{±•¼T¾�»5²x±•ÈJ²½¸U±•ÈJ¼ÅÑ�°•®{ÁÂ¼4»XºÀ°O·Žº$ÑúÁ/®{±�ÈJ¼
ÁÂ®{±�²Ç¶)®{´MÌJ°OºÀ¿À°•®{ÁÂÁ¬²Ç¸J¿ŽÃ]Z'­ÖÄ5®$¸J¾6Æ�ºÀ´xÐÀ¼T¾

»5²x±•ÈáÆ�¼4ÐÀ¼
°�®$´£®$´Ç¿$ºÀ°�²x±•ÈJÁ¬Æ¯»5ÈJ¼T°�¼à®vZ'­«Æ�º$´½ÐÀ¼T°L¶)®$¸áÎ£¼à²½¸�ÐÀºÀ·{¼
¾;Ó<óAÈJ¼TÆ�¼"®$´Ç¿$ºÀ°�²x±•ÈJÁ¬Æ

°O¼“
Ò¼T¶T±5ºÀÊJ°Ö±•ÈJº$ÊJ¿ÀÈ�±•ÆA²½¸ŽÈÒ®$¸J¾É´Ç²Ç¸É¿n¶
ºÀÁ¬ÌJ´½¼4ÍÂºÀÌÉ±�²ÇÁ¬²ÇÆ•®�±•²Çº$¸¬ÌÉ°�ºÀÎJ´½¼
Á¬ÆÏ±�ÈJ°�ºÀÊÉ¿ÀÈŽ±•ÈJ¼

ÆCË`¸É¼
°�¿{Ë/º$Ñ;Æ�ºÀ´xÐÀ¼
°Ö¶
º$¸ÉßÒ¿ÀÊJ°�®{±•²½ºÀ¸;Ù¹´Ç¼4ÐÀ¼T°•®$¿À¼"Î�Ë¬±�ÈJ¼-ÊÉÆ�¼
°ÏÆ�Ì£¼
¶T²½ßÒ¼T¾Ž·¹¸Jº�»5´Ç¼
¾É¿À¼Å®$¸J¾

ÌJ°OºÀÎJ´½¼
Ác¾É¼
¶
º$ÁÂÌ£ºÀÆ�²x±•²½ºÀ¸;Ó

óAÈJ¼¬Á/®{²Ç¸–ÌJ°Oº`¶T¼
¾JÊÉ°�¼
ÆS²Ç¸_ÆCË`¸�±�ÈJ¼
ÆO²ÇÆ�²½¸J¿–®{¸J¾_ºÀÌÉ±•²½ÁÂ²½Æ�²½¸J¿U®$ÆCË`¸É¶�ÈJ°�ºÀ¸ÉºÀÊJÆS¾Ò®{±�®

ÌÒ®�±•ÈJÆZÑ�ºÀ°�Á©®�¾J¼TÆ�²Ç¿$¸•
Òº�»ZÓUµ ¿À°�º$ÊJÌ«º$ÑX²Ç¸J¾ÉÊJÆO±�°�²³®{´<´Ç¼TÐ$¼
´LÎ£¼
¸J¶�ÈJÁÂ®$°O·%Æ9®$°�¼¬ÆOË%¸��

/Àã



±�ÈJ¼
ÆO²ÇÆ�¼T¾û®$¸É¾«ºÀÌÉ±�²ÇÁ¬²ÇÆO¼
¾_®$¶T¶
ºÀ°O¾J²Ç¸J¿�±•º�±•ÈÉ¼-
Òº�»ZÓÂóAÈJ¼/°O¼
Æ�ÊÉ´½±•ÆS®$°O¼ÂÌÉ°�¼
ÆO¼
¸�±•¼T¾û²Ç¸

±•®$ÎJ´Ç¼TÆ8Æ�ÈÉºý»5²½¸J¿�±•ÈJ¼Ü°OÊJ¸J¸J²½¸J¿Ž±•²½ÁÂ¼TÆ8º$ÑÖ±•ÈJ¼á®$´½¿ÀºÀ°O²½±•ÈÉÁÂÆ"®$Æ8»Ï¼
´Ç´�®$Æ8±•ÈJ¼¬®$°O¼)®�®$¸J¾

¾J¼T´³®)ËŽ²½ÁÂÌÉ°�º�ÐÀ¼TÁÂ¼T¸¹±�Æ5º$Ñ¯±�ÈJ¼
ÆO¼�Î£¼
¸É¶�ÈJÁ/®{°�·¹Æ
Ó

¿Âå
æ ñ��úî	<58TèH• :�è5ï›tÊ�¯ìo��í}ì4î�ë

óAÈJ¼^ÆCË%¸¹±�ÈJ¼
ÆO²ÇÆ�º$Ñ�®$ÆCË`¸É¶�ÈJ°�ºÀ¸ÉºÀÊJÆ�¾Ò®{±•®ûÌÒ®{±•ÈÉÆU¶
ºÀ¸�ÐÀ¼T°O±�Æ•®ûÎ£º%ºÀ´Ç¼
®$¸ž¸J¼4±b»XºÀ°O·‹±•º

®$¸œ²½Æ�ºÀÁ¬ºÀ°OÌJÈJ²Ç¶'Ô@Cà×1Z ¸J¼T±�´Ç²ÇÆC±)ÙA»5ÈJ¼T°�¼_¼)®$¶�È�¸Jº$¸��bÌJ°O²ÇÁÂ®$°OË ²½¸JÌJÊÉ±�¸Jº%¾J¼–²½¸ž±•ÈJ¼

¸J¼4±b»Xº$°�·ž²½ÆŽÁ/®{ÌJÌÝ¼T¾œ±•ºu®uÔ@Cà×1Z º$ÑZ±•ÈJ¼^Æ�®$ÁÂ¼–Ñ�ÊÉ¸J¶T±�²ÇºÀ¸;Ó‡Ô-ÊJ°O²Ç¸J¿uÆCË`¸�±�ÈJ¼
ÆO²ÇÆ
Ù

±�ÈJ¼•º$ÌÉ±•²½ÁÂ²½Æ•®{±�²ÇºÀ¸2º$Ñ-±�ÈJ¼'Ô)C"×1Z ¸J¼T±�´Ç²½ÆO±á²ÇÆá¶TºÀ¸JÆ�²½¾J¼
°O¼
¾ Ñ�ºÀ°á¼
²½±�ÈJ¼
°Ü±�ÈJ¼'®{°�¼)®_ºÀ°

Ì£¼
°CÑ�ºÀ°�ÁÂ®$¸J¶T¼U²Ç¸F±•ÈJ¼6ÆOË%¸�±•ÈÉ¼
Æ�²½Æ/ÌJ°Oº`¶T¼
¾JÊÉ°�¼$Óª×ÒÊJ°O±�ÈJ¼
°TÙX¼
®$¶�Èª²½¸JÌJÊÉ±Â®$¸É¾ª²½¸¹±�¼
°O¸Ò®$´

ÆO²Ç¿À¸Ò®{´Ö²½¸2±�ÈJ¼ŽÆOË%¸�±•ÈÉ¼
Æ�²½Æ�¼T¾ªÔ)C"×1Z ¸J¼T±�´Ç²ÇÆC±9Á9ÊJÆO±9ÎÝ¼ŽÌJ®$°O±�²³®$´½´½Ë^®{¶�·%¸Éºý»5´½¼
¾J¿$¼
¾F²Ç¸

Î£º$±•ÈU±�ÈJ¼ÅÐ$®{´Ç²Ç¾U¾J®{±�®á®$¸J¾�¸¹ÊJ´½´‘¶TË%¶
´½¼
Æ
Ó

�2¼sÑ�ºÀ°OÁnÊJ´Ç®{±•¼–±�ÈJ¼2ÆCË%¸¹±�ÈJ¼
ÆO²ÇÆ'®$¸J¾ º$ÌÉ±•²½ÁÂ²½Æ•®{±�²ÇºÀ¸ªÌJ°�ºÀÎÉ´Ç¼
Á »5²x±•ÈJ²½¸œ±•ÈJ¼YZ'­

Ñ�°�®$ÁÂ¼4»Xº$°�·j®$¸J¾ØÆOºÀ´½Ð$¼«±•ÈJ¼«ÌJ°�ºÀÎÉ´Ç¼
Á »5²x±•ÈR±•ÈÉ¼ûÈJ¼
´½ÌRº$Ñ¬®ðZ•­QÆ�º$´½ÐÀ¼T°
Ó øXºÀÁ(�

ÌÒ®{°�¼
¾á»5²½±�È¬±�ÈJ¼àÌJ°�¼4Ð`²½ºÀÊJÆLÑ�ºÀ°�Á9ÊJ´³®{±�²ÇºÀ¸ÉÆ�Î�ËÜ±•ÈJ¼àÊJ¸Ò®{±�¼à®$¸J¾/ÎÉ²Ç¸Ò®{±�¼A¶
º�ÐÀ¼T°�²½¸J¿9ÌJ°OºÀÎ��

´½¼
Á¬Æ%¼

�$â

½�Ù Z'­ž¼T¸Ò®$ÎJ´½¼
Æ"®¬Á¬ºÀ°�¼ÅßÒ¸É¼o�b¿$°•®$²½¸J¼
¾6¾J¼
ÆO¶
°O²ÇÌÉ±�²ÇºÀ¸6º$Ñú±�ÈJ¼SÌJ°�ºÀÎÉ´Ç¼
Áù»5ÈJ¼
°O¼

±�ÈJ¼5Æ�¼T±Öº$ÑM®$¶�·¹¸Jº�»5´Ç¼T¾J¿À¼
®$ÎJ´Ç¼àÌJÈÒ®{Æ�¼
ÆÖ¼4Í`ÌÒ®{¸J¾JÆLÑ�°�ºÀÁ

f ?; �g
±•º

f" ; #; ?; �g
Ó¯Þb¸Â®$¾��

¾J²x±•²½ºÀ¸;ÙJ±•ÈÉ¼9ÌJ°O¼
¶
²½Æ�²½ºÀ¸•º{Ñ�±•ÈJ¼�ºÀÎ~}O¼T¶T±•²xÐÀ¼�²ÇÆà²ÇÁ¬ÌJ°�º�ÐÀ¼T¾'Î�Ë•¶
ºÀÊJ¸�±�²Ç¸J¿¬±•ÈJ¼�ºýÐ$¼
°OÈJ¼)®$¾ÉÆ

º$Ñ>®$´Ç´�±�ÈJ¼ÂÔ@C"×PZ•Æ9²½¸«®6¸J¼T±�´Ç²ÇÆC±S°•®{±�ÈJ¼
°Z±•ÈÒ®{¸2±•ÈÉ¼2<ã�Š�¦á•èµäR‹ ê¾�)�¦â çoèrç¬º�ÐÀ¼T°�ÈJ¼
®$¾JÆÜ®$Æ

²½¸ ¼

�$â

½�Ó+��²½±�È ®$´Ç´Ö±•ÈJ¼TÆ�¼6¼4Í%±•°�®s¾J¼TÁ/®{¸J¾JÆ
ÙÖ±•ÈJ¼�¶TºÀÁÂÌÉ´Ç¼4Í`²x±bË«º$Ñ"±•ÈJ¼�ÌJ°OºÀÎJ´½¼
Áü²½¸��

¶T°�¼)®{Æ�¼
ÆTÓ

Z'­�ÙL®sÌ£º�»X¼T°OÑ�ÊJ´A±•º%ºÀ´>²½¸F±•ÈJ¼




ÌÝ¼T°•®{±�²ÇºÀ¸J®$´
C5¼
ÆO¼)®$°O¶�ÈØÃ




C"Ä4Ù�ÈJ®$ÆÜÐÀ¼
°CËu»5²Ç¾J¼

/��



®$ÌÉÌJ´Ç²½¶)®{±�²ÇºÀ¸JÆ9²Ç¸u»>®$°TÙ>¼
¶TºÀ¸JºÀÁ¬²Ç¶TÆ
ÙX®$¸J¾‹¼T¸J¿À²½¸J¼
¼T°�²Ç¸É¿JÓ‹µ Ñ�ºÀ°�Á9ÊJ´³®{±�²ÇºÀ¸û»5²x±•È�Z'­

ÊJÆOÊÒ®$´½´½ËZ²Ç¸É¶
´ÇÊÉ¾J¼
Æ�Ð$®{°�²³®{ÎJ´Ç¼TÆ
Ù�¶
ºÀ¸JÆC±•°�®$²Ç¸�±•Æú®$¸J¾ÜºÀÎ�}O¼
¶T±�²½Ð$¼
Æ
ÓúÞ!±�²ÇÆ¯¸Ò®{±�ÊJ°•®$´�±�º8´Ç²½¸J·ÅºÀÊJ°

ÌJ°OºÀÎJ´½¼
Á¡»5²½±�È5Z'­9�`±�ÈJ¼-ÌÒ®{°O±•²Ç®$´£®$¶�·¹¸Jº�»5´Ç¼T¾J¿À¼
Á¬¼
¸�±5°O¼
´³®�±•²Çº$¸ÂÎ£¼T±b»Ï¼
¼T¸�±�ÈJ¼8ÆO²Ç¿À¸Ò®{´ÇÆ

²½ÆX¼
¸É¶
º%¾J¼
¾UÎ�Ë/Ð{®$°O²³®$ÎÉ´Ç¼
ÆTÙ`°O¼
¿ÀÊÉ´³®{±�¼
¾ŽÎ�ËÂ¶
ºÀ¸JÆC±•°�®$²Ç¸�±•ÆTÙJ®$¸É¾UÆ�ºÀ´xÐÀ¼
¾ŽÑ�º$°>®9ÌÒ®{°O±•²½¶
ÊJ´Ç®$°

ºÀÎ�}O¼
¶T±�²½Ð$¼$Ó÷A`¼T¶T±�²ÇºÀ¸

ã

Ó½õ$Ó½õ–¿$²½ÐÀ¼TÆÂ±�ÈJ¼'Ñ�ºÀ°OÁ/®$´A¾É¼
Æ�¶T°�²½ÌÉ±•²½ºÀ¸žº$Ñ8±�ÈJ¼–ÆCË`¸�±�ÈJ¼
ÆO²ÇÆ�®$¸J¾

ºÀÌ`±•²ÇÁ¬²ÇÆ�®{±•²½ºÀ¸/ÌÉ°�ºÀÎJ´½¼
ÁôÑ�ºÀ´Ç´½ºý»Ï¼
¾�Î�Ë�®$¸6¼4ÍÉ®$Á¬ÌJ´½¼Å²Ç¸

ã

ÓxõÀÓ-�`Ó

ŸHGKJ­GKJ •�S1T,“”M­†�ˆ)Q;••‹ T,‡r–.OD‡pS�•VS�ÞÁO�•�Q –)TDS •)†pQ›“ •
U¡‰ ü

¢

²½Ð$¼
¸^±•ÈJ¼áÎ£º`º$´Ç¼)®{¸^¸J¼T±b»ÏºÀ°�·

B
»5ÈJ¼T°�¼

i
²ÇÆZ®U¸Jº$¸��bÌJ°O²ÇÁÂ®$°OË•ºÀÊÉ±�ÌJÊÉ±S¸Jº%¾J¼á®$¸J¾

j
²½Æ9®6¸JºÀ¸��!ÌJ°�²½Á/®$°CË–²½¸JÌJÊÉ±�¸Jº%¾J¼/²½¸

B
Ù

Dir ectFanout(i )
²ÇÆÅ±•ÈÉ¼/Æ�¼4±nº$Ñ

i 0s
¾É²Ç°�¼T¶T±

Ñ�®$¸•�bºÀÊÉ±�Æ5®$¸J¾

Dir ectFanin(j )
²ÇÆ>±�ÈJ¼ZÆ�¼T±àº$Ñ

j
`ÿÆà¾É²Ç°�¼T¶T±AÑ�®$¸•�b²Ç¸ÉÆ
Ó

óAÈJ¼�ÆOË%¸�±•ÈJ¼TÆ�²ÇÆ8®$¸J¾'º$ÌÉ±•²½ÁÂ²½Æ•®{±�²ÇºÀ¸ŽÌÉ°�ºÀÎJ´½¼
Á˜²½ÆàÑ�º$°�ÁÂ®$´Ç´xË/¾J¼TÆ�¶T°�²ÇÎ£¼
¾'®$Æ"®ÂÁÂ®$Ì��

ÌJ²½¸J¿nÌJ°Oº`¶T¼
¾JÊÉ°�¼8Ñ�°�º$Á

B
±�ºá®ÜÔ@C"×PZ…¸É¼T±•´½²ÇÆC±

C
Ù`»5ÈJ¼T°�¼Z¼TÐ$¼
°CË

j
²½¸

B
²½Æ>Á/®{ÌJÌÝ¼T¾

±�º/®¬Ô@Cà×1Z

J
»5²½±�È6±�ÈJ¼�Æ�®$Á¬¼SÑ�ÊJ¸É¶T±•²½ºÀ¸Ò®$´½²½±bË/®$Æ5±•ÈÒ®{±"º$Ñ

j
ÓXóAÈJ¼�ÌÉ°�ºÀÎJ´½¼
Á˜²½ÆàÑ�º$°K�

ÁnÊÉ´³®{±�¼
¾–®{ÆÅ®$¸NZ'­œ»5²½±�È'±•ÈJ¼�Ð$®{°�²³®{ÎJ´Ç¼TÆ
Ù£¶
ºÀ¸JÆC±•°�®$²Ç¸�±•Æ8®$¸J¾^ºÀÎ~}O¼T¶T±�²½ÐÀ¼TÆÅ®$Æ8¾É¼TßÒ¸J¼T¾

²½¸�±�ÈJ¼ÅÑ�ºÀ´Ç´½º�»5²Ç¸J¿S±•ÈJ°O¼
¼SÆ�ÊJÎJÆO¼
¶4±•²Çº$¸JÆ
Ó

£*˜Iœ�˜µœ�˜Iœ ¤v©y 2¥,ž,¥¾¯ƒž

Ø|¦

 •¬

óAÈJ¼8Ñ�ÊÉ¸J¾Ò®$Á¬¼
¸�±�®{´MÐ{®$°�²Ç®$ÎJ´Ç¼TÆX²½¸/±•ÈJ¼	Z•­ Ñ�ºÀ°OÁnÊJ´³®�±•²Çº$¸Ž®$°O¼-±•ÈJ¼8±�ÈJ°�¼T¼o�!¾J²ÇÁ¬¼
¸JÆO²ÇºÀ¸J®$´

Ð{®$°O²³®$ÎJ´½¼
Æ>¾É¼TßÒ¸J¼T¾–®$Æ=�

G(j; i; pi )
Ù

8j 2 B; i 2 D ir ectFanin(j ); pi 2 f" ; #; ?; �g
Ù  nõ

»5ÈJ¼T°�¼

pi
²ÇÆ>±•ÈÉ¼Z±�°•®$¸ÉÆ�²½±�²ÇºÀ¸/ÌJÈÒ®$ÆO¼�º$Ñ

I
ÙÉ±•ÈÉ¼�Ô)C"×1Z…º$Ñ

i
Ó

G(j; i; pi )
¾J¼T±�¼
°�Á¬²Ç¸É¼
Æ>ÈJº�»

J
®$¶�·¹¸Jº�»5´½¼
¾J¿À¼TÆA²½±�Æ>¾J²Ç°O¼
¶4±XÑ�®$¸��!²Ç¸

I
²½¸Ž¶
²½°�¶TÊJ²½±

C
�

/�/



G(j; i; pi ) =

8
><

>:

õ�²xÑ

J
®$¶�·¹¸Jº�»5´½¼
¾J¿À¼TÆ

I
Ñ�ºÀ°

pi

ö¬²xÑ

J
¾Éº`¼TÆà¸Éº$±à®$¶�·¹¸Jº�»5´Ç¼T¾J¿À¼

I
Ñ�ºÀ°

pi

Ó

óAÈJ¼SÆ�¼T¶
ºÀ¸J¾6¶
´Ç®$Æ�Æ5º$Ñ�Ð{®$°�²Ç®$ÎJ´½¼
Æ
Ù

A(j )
ÙÒ¾J¼4ßÒ¸J¼
Æ5±•ÈÉ¼�®{°�¼)®{Æàº{Ñ�Ô@Cà×1Z•Æ

J
�

A(j ) = sum(p 2 pjD ir ectF anin (j )j
i ; (

Q
i 2 D ir ectF anin (j )G(j; i; pi )) � J (p)); 8j 2

B
Ù  %�

»5ÈJ¼T°�¼

p
²ÇÆ8®$¸_ºÀ°�¾J¼T°�¼T¾

jD ir ectFanin(j )j
�!±�ÊJÌJ´Ç¼�º$Ñ

pi
®$¸É¾

J (p)
²ÇÆ

J 0s
®{°�¼)®

»5ÈJ¼T¸

J
®$¶�·¹¸Jº�»5´½¼
¾J¿À¼TÆ"²x±•ÆA²½¸JÌJÊÉ±�Æà¶TºÀ°�°O¼
ÆOÌÝºÀ¸É¾J²Ç¸J¿Ü±�º

p
Ó

µ-Æ}®{¸S¼÷ÍÉ®$ÁÂÌÉ´Ç¼$Ù)»5ÈÉ¼
¸

j
ÈÒ®$Æ;±b»Ïº5¾J²Ç°O¼
¶4±‘Ñ�®$¸��b²½¸JÆ;º$Ñ

ip1
®$¸J¾

ip2
Ù

A(j )
Î£¼
¶
º$ÁÂ¼TÆi�

sum((pip1; pip2) 2 f" ; #; ?; �g � f" ; #; ?; �g ; G(j; ip1; pip1) � G(j; ip2; pip2) �

J (pip1; pip2))
Ó

£*˜Iœ�˜µœ�˜•^ ¤v©y 

ú

£ «y¬=Ÿ¡¥¨ž�¯I« Ÿ¨¬

óAÈJ¼8ßJ°�ÆO±5¶T´³®$ÆOÆ>º$Ñ�¶
º$¸JÆO±�°•®$²½¸¹±�ÆA°�¼TÛ%ÊÉ²Ç°�¼TÆ>±•ÈÒ®�±A¼)®$¶�È�¸Jº$¸��bÌJ°O²ÇÁÂ®$°OË¬²½¸JÌJÊÉ±5Ô)C"×1Z

J
²½¸

C
ÌÒ®$°O±�²³®$´½´½ËŽ®$¶�·¹¸Jº�»5´Ç¼
¾É¿À¼
Æ8²x±•Æà¾J²Ç°O¼
¶4±8²Ç¸ÉÌJÊÉ±•ÆàÑ�ºÀ°àºÀ¸J´½Ë�º$¸J¼�±bË%Ì£¼nº$Ñ�±�°•®$¸JÆO²½±�²ÇºÀ¸

ÌJÈJ®$Æ�¼k�

sum(pi 2 f" ; #; ?; �g ; G(j; i; pi )) = 1; 8j 2 B; i 2 D ir ectFanin(j ):
ø-õ

óAÈJ¼_Æ�¼T¶
ºÀ¸É¾ ¶
´Ç®$Æ�ÆUº{Ñ9¶TºÀ¸JÆO±�°•®$²½¸�±•Æ�°�¼TÛ%ÊÉ²Ç°�¼^±�ÈÒ®{±�¼)®{¶�È ¸Jº$¸��bÌJ°O²ÇÁÂ®$°OË ºÀÊ`±•ÌJÊÉ±

Ô@Cà×1Z

I
²½¸

C
²½ÆÏÌÒ®{°O±•²Ç®$´Ç´xËn®{¶�·%¸Éºý»5´½¼
¾J¿$¼
¾UÎ�ËÂ®{±X´½¼)®$ÆC±Xº$¸J¼-º$Ñ;²½±•ÆÖ¾J²½°�¼
¶4±Xº$ÊÉ±•ÌJÊ`±•Æ
Ù

²½¸6Î£º$±�È�±�ÈJ¼ÅÐ{®$´Ç²½¾Ž¾Ò®{±•®¬¶4Ë`¶T´Ç¼ÂÃ�ø9�%Ó½õýÄ>®{¸J¾6±�ÈJ¼Z¸¹ÊJ´Ç´;¶4Ë%¶
´Ç¼ÂÃ�ø9�`Ód�$Äo�

sum(j 2 Dir ectFanout(i ); G(j; i; " ) + G(j; i; ?)) � 1; 8i 2 B
Ù ø9�`Óxõ

sum(j 2 Dir ectFanout(i ); G(j; i; #) + G(j; i; ?)) � 1; 8i 2 B
Ó ø9�`Ó-�

/�E
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µ"¸ŽºÀÎ~}O¼T¶T±•²xÐÀ¼8²½Æ>®9Á¬²Ç¸É²ÇÁ¬²ÇÆ•®�±•²Çº$¸nºÀ°XÁÂ®�Í`²ÇÁ¬²ÇÆ�®{±•²½ºÀ¸Üº$Ñ�®�Ñ�ÊÉ¸J¶T±�²ÇºÀ¸Â²Ç¸/±�¼
°�Á¬ÆXº{Ñ;±•ÈJ¼

Z'­9`ÿÆSÐ{®$°O²³®$ÎÉ´Ç¼
ÆTÓ/Ô"²½ÕÝ¼
°�¼T¸�±9ºÀÎ�}O¼
¶T±�²½Ð$¼
Æ9¶
®$¸«Î£¼¬¾J¼TßÒ¸É¼
¾û®{¶
¶
º$°�¾J²½¸J¿6±�º6±�ÈJ¼¬ÊJÆ�¼T°i`ÿÆ

¾J¼TÁ/®{¸J¾JÆ
ÓÖ×ÒºÀ°>¼÷ÍÉ®$ÁÂÌÉ´Ç¼$Ù`±•º¬ÁÂ²½¸J²ÇÁ¬²ÇÆO¼à±�ÈJ¼ZºýÐ$¼
°�®$´Ç´‘®{°�¼)®áº$Ñ

C
Ù`±•ÈJ¼ZºÀÎ~}O¼T¶T±�²½ÐÀ¼S²ÇÆ=�

min [Ar ea(C)]
Ù




Ó ®$°O¼)®

»5ÈJ¼T°�¼

Ar ea(C) � sum(j 2 B; Ar ea(j ))
Ó

µ-Æ�®$¸Jº$±�ÈJ¼
°�¼÷ÍÉ®$ÁÂÌÉ´Ç¼X²½¸nÌ£¼
°OÑ�º$°�ÁÂ®$¸J¶
¼ÏºÀÌÉ±�²ÇÁ¬²�©)®�±•²Çº$¸;Ù�±•º8ÁÂ®�Í`²ÇÁ¬²ÇÆO¼Ö±�ÈJ¼>ÌÒ®$°C±•²Ç®$´

®$¶�·¹¸Jº�»5´½¼
¾J¿À¼TÁÂ¼T¸�±Ïº{Ñ£±�ÈJ¼!&�¸É¼
²½±�ÈJ¼
°ª(>ÌÉÈÒ®$Æ�¼TÆLÎ¹Ë�±•ÈJ¼5Ô)C"×1Z6Æ<ºÀ¸Ü±•ÈJ¼A¶T°�²½±�²Ç¶
®$´`ÌJ®{±•ÈJÆ

²½¸

C
ÙÉ±�ÈJ¼ZºÀÎ~}O¼
¶4±•²xÐÀ¼S²ÇÆi�

max[sum(j 2 L; G(j; i 2 D ir ectFanin(j ); � ))]
Ù




ÓÿÌÝ¼T°OÑ�õ

»5ÈJ¼T°�¼

L
²ÇÆ>±�ÈJ¼ZÆ�¼T±àº$Ñ¯¸Jº%¾J¼
ÆA»5ÈJº$Æ�¼�Ô@C"×PZ•Æà®$°�¼ZºÀ¸U±•ÈÉ¼S¶T°�²x±•²Ç¶
®$´MÌJ®{±•ÈJÆTÓ

×ÒÊJ°O±�ÈJ¼
°TÙJ®ÜÔ@Cà×1Zé¸J¼4±•´½²ÇÆO±X¶)®$¸UÎ£¼8ºÀÌ`±•²ÇÁ¬²ÇÆO¼
¾¬Ñ�ºÀ°XºÀ¸É¼Å¾Ò®{±�®�¶TË%¶
´½¼Å®$¿�®$²½¸JÆO±Ï±•ÈJ¼

º$±�ÈJ¼
°TÓL×ÒºÀ°A²Ç¸JÆC±�®$¸É¶
¼$Ù

min [sum(j 2 L; G(j; i 2 D ir ectFanin (j ); " ) + G(j; i 2 D ir ectFanin (j ); ?))]



ÓÿÌÝ¼T°OÑµ�

Ñ�®)ÐÀºÀ°OÆà±�ÈJ¼ÅÐ{®$´Ç²½¾U¾Ò®{±�®Ü¶4Ë`¶T´Ç¼Z°•®�±•ÈJ¼T°5±�ÈÒ®$¸�±•ÈJ¼Z¸¹ÊJ´½´;¶TË%¶
´½¼$Ó




ÌÉ±•²½ÁÂ²½Æ•®{±�²ÇºÀ¸¬»5²½±•È




ÓÿÌÝ¼T°OÑµ�n¶)®$¸6´Ç¼
®$¾U±•º¬®ÜÆ�·{¼T»Ï¼
¾–¶T²Ç°�¶TÊJ²½±	¼ õ

ã

½�Ó

ŸHGKJ­G]\ 9 Þ S1T�“ ß�†KMPO�‡pS�•°Q¨…HM­“ –)†KQ

�2¼"ÆCË%¸¹±�ÈJ¼
ÆO²ÇÆO¼-ÞKAJøXµ@A¬Î£¼
¸J¶�ÈJÁÂ®$°O·Ü¶
²Ç°O¶
ÊJ²x±Xø-õ

�

Ã�×ú²Ç¿$ÊJ°�¼

ã

ÓxõýÄ<®$¸J¾¬ºÀÌÉ±�²ÇÁ¬²ÇÆO¼A²½±<Ñ�ºÀ°

±�ÈJ¼ZºýÐ$¼
°�®$´Ç´‘®{°�¼)®¬®$¸J¾U±�ÈJ¼Z¾J¼
´Ç®�ËŽ²Ç¸U±•ÈJ¼ÅÐ{®$´½²Ç¾Ž¾Ò®�±�®Ü¶TË%¶
´½¼$Ó

óAÈJ¼ÂÆ�¼T±�º$ÑÏ±•ÈJ¼¬¸JºÀ¸��!ÌJ°�²½Á/®{°OË–²½¸JÌJÊÉ±�Æ

f g1; g2; g3; g4; g5; g6g
ÙÒ±•ÈÉ¼ÂÆO¼T±�º$ÑX±�ÈJ¼

¸Jº$¸��bÌJ°O²ÇÁÂ®$°OËÂºÀÊÉ±�ÌJÊÉ±�Æ

f i1; i2; i3; i4; i5; g1; g2; g3; g4g
ÙÀ®$¸J¾•±�ÈJ¼ZÆ�¼4±-º$Ñú¸Jº%¾J¼
ÆàºÀ¸

E

ö



i4

i5

g2

g4

i1

i2

i3

g5

g6

g1

g3

×ú²Ç¿ÀÊÉ°�¼

ã

Óxõ��<ÆO¶�ÈJ¼
ÁÂ®{±•²½¶Zº$ÑúÞKAÉøXµ�AUÎÝ¼T¸J¶�ÈJÁÂ®$°�·�ø-õ

�

±�ÈJ¼<¶
°O²½±•²½¶)®$´�ÌÒ®{±�ÈZ²ÇÆ

f i2; g2; g3; g6g
ÓÝóAÈJ¼Ö®$°�¼
®>ÁÂ²½¸J²ÇÁ¬²ÇÆ�®{±•²½ºÀ¸5²Ç¸J¶T´ÇÊJ¾É¼
Æ¨ 9õÀÙ« ��`Ù ø-õÀÙ ø9�

®$¸É¾




Ó ®{°�¼)®s»5ÈJ¼
°O¼)®$Æ/±�ÈJ¼'Ì£¼
°CÑ�ºÀ°�ÁÂ®$¸J¶T¼•º$ÌÉ±•²½ÁÂ²½Æ•®{±�²ÇºÀ¸F²½¸J¶
´½ÊJ¾J¼
Æ/ nõ$Ù ø-õÀÙ ø9�û®$¸J¾




ÓÿÌÝ¼T°OÑµ�M?ZóAÈJ¼nÐ{®$°�²Ç®$ÎJ´Ç¼TÆ
Ù£¶
ºÀ¸ÉÆO±•°�®$²Ç¸�±�ÆÅ®$¸J¾^ºÀÎ�}O¼
¶T±�²½Ð$¼
ÆZÊJÆ�¼T¾_²Ç¸'±�ÈJ¼9Ñ�ºÀ°OÁnÊJ´³®�±•²Çº$¸JÆ

®$°O¼Å´Ç²½ÆO±•¼T¾�ÎÝ¼T´Çº�» ²½¸�¾J¼T±•®$²Ç´µ�

 nõŠ�

G(g1; i1; " ); G(g1; i1; #); G(g1; i1; ?); G(g1; i1; � );

G(g1; i2; " ); G(g1; i2; #); G(g1; i2; ?); G(g1; i2; � );

::: ::: ::: :::

G(g6; g3; " ); G(g6; g3; #); G(g6; g3; ?); G(g6; g3; � );

G(g6; g4; " ); G(g6; g4; #); G(g6; g4; ?); G(g6; g4; � ):

E

õ



 %�•�

A(g1) = G(g1; i1; " ) � G(g1; i2; " ) � G1(" ; " ) + G(g1; i1; " ) � G(g1; i2; #) � G1(" ; #)

+ G(g1; i1; " ) � G(g1; i2; ?) � G1(" ; ?) + G(g1; i1; " ) � G(g1; i2; � ) � G1(" ; � )

+ G(g1; i1; #) � G(g1; i2; " ) � G1(#; " ) + G(g1; i1; #) � G(g1; i2; #) � G1(#; #)

+ G(g1; i1; #) � G(g1; i2; ?) � G1(#; ?) + G(g1; i1; #) � G(g1; i2; � ) � G1(#; � )

+ G(g1; i1; ?) � G(g1; i2; " ) � G1(?;" ) + G(g1; i1; ?) � G(g1; i2; #) � G1(?;#)

+ G(g1; i1; ?) � G(g1; i2; ?) � G1(?;?) + G(g1; i1; ?) � G(g1; i2; � ) � G1(?; � )

+ G(g1; i1; � ) � G(g1; i2; " ) � G1(� ; " ) + G(g1; i1; � ) � G(g1; i2; #) � G1(� ; #)

+ G(g1; i1; � ) � G(g1; i2; ?) � G1(� ; ?) + G(g1; i1; � ) � G(g1; i2; � ) � G1(� ; � );
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G(g1; i1; " ) + G(g1; i1; #) + G(g1; i1; ?) + G(g1; i1; � ) = 1;

G(g1; i2; " ) + G(g1; i2; #) + G(g1; i2; ?) + G(g1; i2; � ) = 1;

:::

G(g6; g3; " ) + G(g6; g3; #) + G(g6; g3; ?) + G(g6; g3; � ) = 1;

G(g6; g4; " ) + G(g6; g4; #) + G(g6; g4; ?) + G(g6; g4; � ) = 1:

ø9�`Óxõ��
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G(g1; i1; " ) + G(g1; i1; ?) � 1;

G(g1; i2; " ) + G(g1; i2; ?) + G(g2; i2; " ) + G(g2; i2; ?) � 1;

:::;

G(g6; g4; " ) + G(g6; g4; ?) � 1:

ø9�`Ó-���

G(g1; i1; #) + G(g1; i1; ?) � 1;

G(g1; i2; #) + G(g1; i2; ?) + G(g2; i2; #) + G(g2; i2; ?) � 1;

:::

G(g6; g4; #) + G(g6; g4; ?) � 1:
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min [A(g1) + A(g2) + ::: + A(g6)]:
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min [G(g2; i2; " ) + G(g2; i3; " ) + G(g3; g2; " ) + G(g3; i4; " ) + G(g6; g3; " ) + G(g6; g4; " )

+ G(g2; i2; ?) + G(g2; i3; ?) + G(g3; g2; ?) + G(g3; i4; ?) + G(g6; g3; ?) + G(g6; g4; ?)]:
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°

²½¸^Æ�ÌÒ®$¶T¼Âº$°8±•²ÇÁ¬¼$Ù;®$¸J¾sºÀÌÉ±•²½ÁÂ²½Æ�¼TÆÅ®UÆ�ÊJÎ��!ºÀÎ~}O¼T¶T±•²xÐÀ¼á²Ç¸^±�ÈÒ®{±Å»5²Ç¸É¾Jº�»ZÓÜ�"º$±�¼á±�ÈÒ®{±

ßÒ¸É¾J²Ç¸J¿¬®Ü¿Àº%º`¾�ÌÒ®{°O±•²x±•²½ºÀ¸ŽÆ�¶�ÈÉ¼
Á¬¼�²½ÆA¸Jº$±A±•°O²½Ð%²³®{´�Ó

ó}»Xº^¾J¼T¶
ºÀÁ¬Ì£ºÀÆ�²x±•²Çº$¸2Á¬¼T±�ÈJº`¾ÉÆÜ®$°�¼Â¾J²ÇÆO¶
ÊJÆOÆ�¼T¾*�[â ç�µŠçoâ"äré†<

�

ç&ê �¦èn<ã�•<

�

xŠè
<]ê¾�ª®$¸J¾

�“xŠë€èBŒ�ç

�

è°x~‹ ì¾�Bê¾é9â çR•ƒË•ço� ço��è�ÓªËXº$±�ÈŽÁÂ¼4±•ÈJº%¾JÆ>ÊÉÆ�¼-»5²½¸J¾Jº�»5Æ>ºÀ¸Ž±�ÈJ¼-¸J¼4±b»Xº$°�·Ž´½¼TÐÀ¼T´ÇÆ

¿À¼T¸J¼
°�®{±•¼T¾–Î�Ë–®{´Ç¿ÀºÀ°O²½±�ÈJÁŒ�`ÓàóAÈJ¼Ü®$´½¿ÀºÀ°O²½±•ÈÉÁ˜®$¸J¸Éº$±�®{±�¼
Æ"¼)®$¶�È^¸Jº%¾J¼S»5²½±•È'®/´Ç¼4ÐÀ¼T´�Ù

»5ÈJ¼T°�¼Â®$¸�Ë^¸JºÀ¸•�bÌJ°O²ÇÁÂ®$°OË•²Ç¸JÌÉÊÉ±S¸Jº`¾É¼¬º$¸2´½¼TÐÀ¼T´

i
ÈÒ®$ÆS®{±S´Ç¼
®$ÆO±ZºÀ¸É¼¬¾É²Ç°�¼T¶T±ZÑ�®$¸��!²Ç¸

ºÀ¸�´½¼TÐÀ¼T´

i � 1
Ó

õ�ö

â
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¦

¶±£¦¥¾¯ãŸ¨©y´ ^

µ"¸•®{´Ç¿ÀºÀ°O²½±�ÈJÁô±�ºá´Ç¼TÐ$¼
´;±�ÈJ¼Z¸Jº`¾É¼
Æ5²Ç¸6®ÜÎÝº%ºÀ´½¼)®$¸U¸J¼4±b»Xº$°�·

Þb¸JÌÉÊÉ±!�2®«Î£º`ºÀ´½¼)®$¸ª¸J¼T±b»ÏºÀ°O·

B
Ù>±�ÈJ¼–ÌJ°O²ÇÁÂ®$°OËu²½¸JÌJÊÉ±/¸Jº%¾J¼
ÆŽº{Ñ

B
Ã

PI (B)
Ä4Ù>±�ÈJ¼

ÌJ°O²ÇÁÂ®$°OËÂºÀÊÉ±�ÌJÊÉ±à¸Jº%¾J¼
Æ5º$Ñ

B
Ã

PO(B)
ÄoÓ




ÊÉ±�ÌJÊÉ±•Æ=�

n:level
ÙL±•ÈJ¼U´½¼TÐÀ¼T´Xº$Ñà¼
®$¶�Èu¸Jº`¾É¼

n 2 B
ÙL®$¸J¾

Lmax
Ù�±•ÈJ¼UÁÂ®�Í`²ÇÁnÊÉÁ

´½¼TÐÀ¼T´‘º$Ñ�±•ÈJ¼Z¶
²½°�¶TÊJ²½±iÓ

n:level := 0; 8n 2 PI (B)
Ó

n:level := � 1; 8n =2 PI (B)
Ó

8n 2 PO(B) È

level(n)
ÓÊÉ

8n 2 PI (B) È

n:level := min (j:l evel j j 2 D ir ectFanout(n)) � 1
ÓÊÉ

Lmax := max(n:level j n 2 B)
Ó

°O¼T±•ÊÉ°�¸

n:level; 8n 2 PI (B)
®$¸J¾

Lmax
Ó

A`ÊÉÎ��bÌJ°Oº`¶T¼
¾JÊÉ°�¼

level(n)
�

level(n) È

²xÑ>Ã

n:level = � 1
Ä

n:level := max(level(i ) j i 2 D ir ectFanin(n)) + 1
ÓÊÉ

£*˜m—*˜¹^*˜Iœ Ì� @¥¦ 
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Í›ç�µŠçoâ"äré†<

�

ç?ê �¦è
<ã�•<

�

xŠèn<]ê¾�ØÃ�®$´Ç¿Àº$°�²½±�ÈJÁ

â

Ä9ÈÒ®{¸J¾J´Ç¼TÆn±•ÈJ¼U¸É¼T±b»ÏºÀ°�·«Ñ�°OºÀÁü´½¼TÐ$¼
´Aö–±•º

Lmax
ÙX±�ÈJ¼6Á/®�Í`²½ÁnÊJÁ ´½¼TÐÀ¼T´5º$Ñ-±�ÈJ¼'¸J¼4±b»Xº$°�·þÙ>»5ÈJ¼
°O¼–®sÆ�ÊJÎ��!ÌJ°�º$ÎJ´Ç¼TÁ ²ÇÆÜÑ�ºÀ°�Á¬¼
¾

®{±Z¼
®$¶�È«´½¼TÐ$¼
´Lº$ÑÖ±•ÈJ¼á¶
²½°�¶TÊJ²½±
Ó¬µ>±S´½¼TÐÀ¼T´

i � 1
Ù�º$¸J´½Ë•±•ÈJ¼áÊJ¸Ò®{¶�·%¸Éºý»5´½¼
¾J¿$¼
¾û¸Jº%¾J¼TÆ

Ã

UnackedNodes
Ä9ÊJÌF±•º^´½¼TÐÀ¼T´

i � 1
®$°�¼U¶TºÀ¸JÆO²Ç¾J¼T°�¼
¾FÑ�ºÀ°9ÌÒ®$°O±�²³®$´Ï®$¶�·¹¸Jº�»5´Ç¼T¾J¿À¼€�

Á¬¼
¸�±–Î�Ëj±•ÈJ¼2¸Jº%¾J¼
Æ–º$¸ ´Ç¼4ÐÀ¼T´

i
Ã

N odesToAck
Ä4ÓQÞb¸ Ñ�®$¶T±
ÙZºÀ¸J´½Ë ®‹ÆOÊJÎJÆO¼T±^º$Ñ

UnackedNodes
Ù

N odesToBeAcked
Ù�»5ÈJ²½¶�È�ÈJ®�Ð$¼L¾J²Ç°O¼
¶T±MÑ�®$¸��bº$ÊÉ±•Æ;²½¸

N odesToAck
Ù

¶
®$¸ûÎ£¼/®$¶�·¹¸Jº�»5´½¼
¾J¿À¼T¾u®{±S±•ÈJ²½ÆS±�²ÇÁ¬¼$ÓUÞb¸F®$¾É¾J²½±�²ÇºÀ¸;Ù}±•ÈÉ¼ÂÆOÊJÎ��bÌÉ°�ºÀÎJ´½¼
Á©ºÀÌÉ±�²ÇÁ¬²ÇÆO¼
Æ

ºÀ¸É´½Ë/±�ÈJ¼Z¸Jº%¾J¼
Æ5²Ç¸

N odesToAck
Ñ�ºÀ°>±•ÈÉ¼
²Ç°AÁ¬²Ç¸É²ÇÁÂ®$´M®{°�¼)®`Ó

×ú²½¿ÀÊJ°�¼

ã

Ó 39²½´Ç´ÇÊÉÆO±•°�®{±•¼TÆ<±•ÈJ¼"ºÀÌÉ±•²½ÁÂ²½Æ•®{±�²ÇºÀ¸Üº{Ñ�®�Æ�ÊÉÎ��bÌJ°OºÀÎJ´½¼
Á

i � 1
ÙÉ»5ÈJ¼T°�¼8¼
®$¶�È

¾Ò®{Æ�ÈJ¼T¾uÐ$¼
°C±•²Ç¶
®$´X´½²Ç¸J¼Â°�¼TÌJ°�¼TÆ�¼
¸�±�ÆÂ®–´½¼TÐ$¼
´>²½¸«±•ÈJ¼/Æ�ÊJÎ��!¸J¼T±b»ÏºÀ°O·£Ó

UnackedNodes

õ�öŠ3
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X‘¼TÐ$¼
´š�!»5²ÇÆO¼ÅºÀÌÉ±�²ÇÁ¬²ÇÆ•®�±•²Çº$¸

Þb¸JÌÉÊÉ±!���à¼T±b»ÏºÀ°�·

B
®{ÑÚ±�¼
°5®$´½¿ÀºÀ°O²½±•ÈÉÁÑ�`ÙÉ»5ÈJ¼T°�¼

Lmax
²½ÆX±•ÈÉ¼ÅÁ/®�Í`²½ÁnÊJÁ ´Ç¼4ÐÀ¼
´Mº$Ñ

B
Ó




ÊÉ±�ÌJÊÉ±!�

G � f il e
Ó

nodes(l)
�

‘

±�ÈJ¼ZÆ�¼4±"º{Ñú¸Jº%¾J¼TÆàº$¸•´½¼TÐÀ¼T´

l
Ó

Þb¸J²x±•²Ç®$´Ç²m©
¼

UnackedNodes
Ù

N odesToBeAcked
Ù

N odesToAck
±•ºá¸¹ÊJ´Ç´;ÆO¼T±�ÆiÓ

Ñ�ºÀ°SÃ

l ‘

ö�Ó

l Î Lmax
Ó

l
	'	ZÄ

È

UnackedNodes:= UnackedNodes[ N odes(l)
Ó

N odesToAck := nodes(l + 1)
Ó

N odesToBeAcked := f i 2 UnackedNodesj 9 Dir ectFanout(i ) 2
N odesToAckg

Ó

sub � G := f G(j; i; p) j j 2 N odesToAck; i 2 (D ir ectFanin(j ) \
N odesToBeAcked)g

Ó

sub� A := f A(j ) j j 2 N odesToAckg
Ó

sub� variables := sub� G [ sub� A
Ó

sub � C1 := f C1j j 2 N odesToAck; i 2 (D ir ectFanin(j ) \
N odesToBeAcked)g

Ó

sub � C2 := f C2j i 2 N odesToBeAcked; j 2 (D ir ectFanout(i ) \
N odesToAck)g

Ó

sub� constraints := sub� C1 [ sub� C2
Ó

sub� objective := O
Ú

area; wherej 2 N odesToAck
Ó

sub� problem := f sub� variables; sub� constraints; sub� objectiveg
Ó

ÆOºÀ´½Ð$¼Z±�ÈJ¼

sub� problem
Ó

²xÑ

sub� problem:status = OK È

UnackedNodes:= UnackedNodes� N odesToBeAcked
ÓoÉ

8i 2 N odesToBeAcked
®$¸É¾

j 2 D ir ectFanout(i ) È

²xÑ>Ã

j =2 N odesToAck
ÄÏ±�ÈJ¼
¸

È

G(j; i; p):nonvar := 1
Ó

G(j; i; � ) := 1
Ó

G(j; i; " ) = G(j; i; #) = G(j; i; ?) := 0
ÓoÉ½É¿É

õ�ö�¹



NodesToAck

Increasing Level

i-1 i

NodesToBeAcked

UnackedNodes

1

2 4

3 5

6

7

×¯²Ç¿ÀÊJ°O¼

ã

Ó 3,�<Þb´Ç´½ÊJÆO±�°•®{±�²ÇºÀ¸Žº{Ñ¯±�ÈJ¼Z´Ç¼TÐ$¼
´š�!»5²ÇÆO¼ÅºÀÌÉ±�²ÇÁ¬²�©)®�±•²Çº$¸

²½¸J¶
´½ÊJ¾J¼
Æà®$´½´;±•ÈJ¼S¸JºÀ¸•�bÌJ°O²ÇÁÂ®$°OË/ºÀÊÉ±•ÌÉÊÉ±-¸Éº`¾J¼TÆ-ºÀ¸6´Ç¼4ÐÀ¼T´

i � 1
Ã

È

â

Ù 3�É�ÄA®$¸J¾6±•ÈJ¼SÊJ¸��

®$¶�·¹¸Jº�»5´½¼
¾J¿À¼T¾ª¸Éº`¾J¼TÆÜ´Ç¼4ÑÚ±nÑ�°�ºÀÁ ´Ç¼4ÐÀ¼T´ÇÆÜ´Çº�»Ï¼
°9±�ÈÒ®$¸

i � 1
Ã

È

�~ÉýÄ4Ó

N odesToAck
¶TºÀ¸�±�®$²½¸JÆÏ±�ÈJ¼8¸Jº%¾J¼
ÆXºÀ¸U´Ç¼4ÐÀ¼
´

i
¼÷ÍÉ¶T¼
ÌÉ±A±�ÈJ¼8ÌJ°O²ÇÁÂ®$°OËá²½¸JÌJÊÉ±�ÆZÃ

È

¹`Ù

ã

É�Ä4Ó�Þb¸Ž®$¾J¾J²x±•²Çº$¸;Ù

N odesToBeAcked = f 2; 4g
Ó?Ë>®{Æ�¼
¾Fº$¸«±•ÈJ¼TÆ�¼ŽÆO¼T±�Æ
ÙÖ®•ÆOÊJÎ��bÌÉ°�ºÀÎJ´½¼
Á©²ÇÆSÑ�ºÀ°�Á9Ê��

´Ç®{±•¼T¾ÂÎ�Ë¬®$´½¿ÀºÀ°�²x±•ÈJÁ

â

²½¸J¶
´½ÊJ¾J²½¸J¿Å±•ÈJ¼àÆ�ÊJÎ•�!Ð{®$°�²Ç®$ÎJ´½¼
Æ
Ù�±�ÈJ¼"ÆOÊJÎ��!¶
ºÀ¸JÆC±•°�®$²Ç¸�±•ÆÏ®$¸J¾¬±•ÈJ¼

ÆOÊJÎ��bº$Î~}O¼
¶4±•²½Ð$¼
ÆTÓ/×ÒºÀ°8¼÷ÍÉ®$ÁÂÌÉ´Ç¼$Ù

sub� G
Ù;±•ÈÉ¼¬ÆOÊJÎJÆO¼T±�º$ÑÏÐ{®$°O²³®$ÎÉ´Ç¼
Æ

G(j; i; p)
Ù}²½¸��

¶T´ÇÊJ¾J¼TÆÜºÀ¸J´xË2±�ÈJºÀÆ�¼Ž»5²x±•È

j
²Ç¸

N odesToAck
®$¸É¾

i
²Ç¸

N odesToBeAcked
ÙL²�Ó ¼{Ó½Ù

G(5; 4; p)
Ù

G(6; 4; p)
®$¸É¾

G(6; 2; p)
²Ç¸6×ú²½¿ÀÊJ°O¼

ã

Ó 3JÓ

µ"ÑÚ±�¼
°-±�ÈJ¼9ÆOÊJÎ��!ÌJ°�ºÀÎÉ´Ç¼
Á ²ÇÆ"Æ�ºÀ´xÐÀ¼T¾;ÙM±•ÈÉ¼n¸Jº%¾J¼
Æ8²½¸

N odesToBeAcked
®{°�¼9¼÷Í$�

¶T´ÇÊJ¾J¼T¾ÜÑ�°�ºÀÁ

UnackedNodes
®{¸J¾¬®$°�¼>¸Éº$±L°�¼TÛ%ÊÉ²Ç°�¼T¾Ü±•ºÅÎ£¼>Ñ�ÊJ°O±�ÈJ¼
°L®$¶�·¹¸Jº�»5´½¼
¾J¿À¼T¾

Î�Ë�±•ÈJ¼T²Ç°à¾J²Ç°O¼
¶4±"Ñ�®$¸•�bºÀÊÉ±�ÆA»5²½±•È•ÈJ²Ç¿$ÈJ¼
°à´Ç¼4ÐÀ¼
´½Æà±�ÈÒ®$¸

i
Ó

G(j; i; p):nonvar
²½Æ5±�ÈJ¼
°O¼o�

Ñ�ºÀ°O¼ÅÆ�¼4±à±�º•õ$ÓL×þº$°>¼4ÍÉ®$Á¬ÌJ´Ç¼{Ù

G(7; 4; p):nonvar = 1
²½¸6×ú²Ç¿ÀÊÉ°�¼

ã

Ó 3JÓ

õ�ö

ã
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®$´½¿ÀºÀ°O²½±•ÈÉÁ Ñ�º$°>±•ÈJ¼ÅÑ�®$°C±•ÈJ¼TÆO±"®$¶�·¹¸Jº�»5´Ç¼T¾J¿À¼
Á¬¼
¸�±

Þb¸JÌÉÊÉ±!�­�"¼4±b»Xº$°�·

B
®{ÑÚ±•¼T°5®$´Ç¿Àº$°�²½±�ÈJÁù��Ó




ÊÉ±�ÌJÊÉ±!�

G � f il e
Ó

8i 2
ÌJ°�²½Á/®{°OËŽ²½¸JÌJÊÉ±�Æ5®$¸J¾6²Ç¸�±•¼T°�¸Ò®{´;Æ�²½¿À¸Ò®$´½Æ>º$Ñ

B È

i:ack := 0;
i:f arthest := 0
8j 2 Dir ectFanout(i ) È

²xÑ>Ã

j:l evel > i:f arthest
ÄX±�ÈJ¼
¸

i:f arthest := j:l evel
É

8j 2 Dir ectFanout(i ) È

²xÑ>Ã

j:l evel = i:f arthest
®$¸J¾

i:ack := 0
ÄÏ±�ÈJ¼
¸

È

G(j; i; ?) := 1;
G(j; i; p):nonvar := 1

Ó

i:ack := 1
ÓoÉ

¼T´ÇÆ�¼

È

G(j; i; � ) := 1;
G(j; i; p):nonvar := 1

ÓÊÉ¿É

£*˜m—*˜¹^*˜•^ Ï;ž,¥¡Ÿ¨©› •¬=ŸÁž

ú»º

«y£~¹

¦

 •³y¶± •´Y •« Ÿ

×ÒºÀ°Áâ ç�µŠçoâ"äré†<

�

çzê �¦èn<ã�•<

�

xŠè
<]ê¾�ÒÙú¸Jº`¾É¼
Æá®$°O¼Ž¶
ºÀ¸ÉÆ�²Ç¾É¼
°�¼T¾F±•º^Î£¼U®$¶�·¹¸Jº�»5´Ç¼T¾J¿À¼
¾ ºÀ¸J´xË

Î�Ë ±•ÈJ¼T²Ç°áÑ�®$¸��bº$ÊÉ±•Æá»5²½±�È‹±•ÈJ¼•´Çº�»Ï¼
ÆO±Ž´Ç¼TÐ$¼
´½Æ
ÓjóAÈJ²ÇÆ•&�¸J¼
®$°�¼TÆO±�®$¶�·¹¸Jº�»5´½¼
¾J¿À¼TÁÂ¼T¸�±b(

ÆC±•¼
Á¬ÆAÑ�°�ºÀÁ˜®áÎ£¼
´½²Ç¼4Ñ�±�ÈÒ®{±à¸Jº%¾J¼
ÆA±�¼
¸J¾6±•ºáÈÒ®)ÐÀ¼SÁÂº$ÆO±5º$Ñ¯±•ÈJ¼T²Ç°A¾J²½°�¼
¶4±AÑ�®$¸��!ºÀÊÉ±•Æ5ºÀ¸

±�ÈJ¼"¶T´ÇºÀÆO¼
ÆC±>´Ç¼4ÐÀ¼T´ÇÆ
ÓP�"º�»X¼4ÐÀ¼T°
ÙÉ»5ÈJ¼T¸/±•ÈÉ¼"Ì£¼
°CÑ�ºÀ°�ÁÂ®$¸J¶T¼"º$ÑÝ±•ÈJ¼"¶
²½°�¶
ÊÉ²½±Ö²ÇÆ<±•ÈÉ¼-ÁÂ®�}OºÀ°

¶TºÀ¸J¶
¼T°�¸;ÙÀ»Ï¼5Á/®)ËS»>®{¸¹±<±�ºZ®$¶�·¹¸Jº�»5´Ç¼T¾J¿À¼A±•ÈJ¼X¸Jº`¾É¼
Æ<Î�Ë9±�ÈJ¼
²½°�¾J²Ç°O¼
¶4±�Ñ�®$¸��!ºÀÊÉ±•Æ¯»5²½±•È

±�ÈJ¼/Ñ�®$°C±•ÈJ¼TÆO±n¾É²ÇÆO±•®$¸J¶T¼_Ã�²½¸«´Ç¼4ÐÀ¼T´ÇÆ�ÄZÆ�²½¸J¶
¼/»Ï¼Ž»X®$¸�±n±•º–ÌÉÊÉ±nº$Õ ±•ÈÉ¼U®$¶�·¹¸Jº�»5´Ç¼T¾J¿À¼o�

Á¬¼
¸�±nÌ£ºÀ²½¸¹±�Æn®$Æ9¶
´Çº$Æ�¼Ž®{Æ9±•º'±�ÈJ¼ŽÌJ°O²ÇÁÂ®$°OË_º$ÊÉ±•ÌJÊ`±•Æ
Ó^µ"´Ç¿Àº$°�²½±�ÈJÁ|3JÙ9èBŒ�çÐ�“xŠëoèBŒ�ç

�

è

x~‹ ì¾�Bê¾é9â çR•ƒË•ço� ço��è�Ù`²½ÁÂÌÉ´Ç¼
Á¬¼
¸�±�Æ>Æ�ÊJ¶�È'®$¸�²Ç¾J¼
®Ñ?

õ�ö
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